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Foreword

The idea of this book is to present the theory of quantum electrodynamics
in the shortest and clearest way for applied use. At the same time it
may serve as a general introduction to relativistic quantum field theory
within the approach based on Green functions and the Feynman diagram
technique.

The book is largely based on V. N. Gribov’s lectures given in Leningrad
(St. Petersburg) in the early 1970s. The original lecture notes were col-
lected and prepared by V. Fyodorov in 1974.

We were planning several modifications to the work. In particular,
Gribov intended to include discussion of his new ideas about the structure
of the theory at short distances, the problem he had been working on
during his last few years. His death on 13 August 1997 prevented this,
and I decided to stay as close as possible to the version completed by
early 1997 and already checked by him.

In preparing the book, I got invaluable help from many of our friends
and colleagues. I would like to express my gratitude to those who read,
commented on, and provided suggestions for improving the manuscript,
especially to A. Frenkel. T would also like to thank C. Ewerz and especially
Gy. Kluge for their help in preparing the figures.

I am deeply indebted to I. Khriplovich and, most of all, to Gribov’s
former students, Yu. Dokshitzer, M. Eides and M. Strikman. They per-
formed the enormous work of checking the manuscript by going metic-
ulously through the whole book several times. They compared the text
to their own notes taken at Gribov’s university courses and restored the
Gribov lectures as fully as possible. They found and corrected inconsis-
tencies and errors. It was more than mere scientific editing. Among their
objectives was to preserve in the English text the unique style of Gribov
the lecturer, a style that is remembered by his disciples and colleagues
with admiration.

J. Nyiri
Budapest
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1

Particles and their interactions in
relativistic quantum mechanics

There are different roads to quantum electrodynamics and to relativis-
tic quantum field theory in general. Three main approaches are those
based on

(1) operator secondary quantization technique,
(2) functional integral and

(3) Feynman diagrams.
We shall use the last as physically the most transparent.

1.1 The propagator

In quantum mechanics, the motion of a particle is described by the wave
function ¥(r,¢) which determines the probability amplitudes of all phys-
ical processes and satisfies the Schrédinger equation®
OV
iy = HY. (1.1)
The wave function depends on the initial conditions. It is this de-
pendence that makes the notion of wave function inconvenient to use:
different wave functions can correspond to essentially the same process.
Can one develop a more universal description of physical processes?
Let us introduce the function K (rg,te;r1,t1), which is called the prop-
agator. Suppose that at time t; a particle is placed at a point r;. We

* We use the system of units with i = ¢ = 1. Choosing [cm] as the unit of length,
these two conditions fix the unit of time [cm] and the unit of mass [cm™'] as well.
Indeed, the Compton wavelength of a particle of mass m is A = i/me, i.e. A =1/m
in our case; t = 1 cm corresponds to the time which is needed for the light to travel a
distance of 1 cm while m = 1 cm™" stands for the mass of a (hypothetical) particle,
the Compton wavelength of which is A = 1 cm.

1



2 1 Particles and their interactions

define K (ry,to;r1,t1) as the probability amplitude to find this particle
at time t9 at the point ry. The propagator is a function of four rather
than two variables. (This is the price we have to pay for eliminating the
arbitrariness of the initial state wave function.)

By definition, K(rg,te;r1,t1) for to > t1 has to satisfy the Schrodinger
equation (1.1), since K is essentially the wave function,

K(I’Q, t2; r, tl) = \I/(I'Q, tg) ,
but with a specific initial condition

K(ra, to;r1,t1) = ‘P(r27t2)‘t2:tl =d(rg —r11). (1.2)
The latter means that at time t¢; the particle was at the point r;. The
knowledge of function K allows us to solve the Cauchy problem for equa-
tion (1.1), i.e. to find the wave function of the particle with an arbitrary
initial condition ¢y, (r1):

<p(r2,t2) = /K(I‘Q,tg;l‘l,tl) Pty (I‘l)dng . (13)

The function ¢(re,ts) is indeed a solution of (1.1), since the propagator
K is a solution of this equation. Moreover, due to (1.2) it also satisfies
the initial condition

plra,ty)|, | =on(r2).
Equation (1.3) means that the probability amplitude to find the particle
at the point ry at time ¢o is the product of the transition amplitude from
(r1,t1) to (re,t2) and the probability amplitude for the particle to be at
time t1 at the point ry.

Having a complete orthonormal set of solutions of the stationary Schro-
dinger equation

HVY,(r,t) = E,V,(r,1),

we can write the function K as

K(rg,ta;r1,ty) = Y Wy (g, 1) W (ry, t1) . (1.4)
n

This function, obviously, satisfies equation (1.1) (since W, (rsa,t2) does),
while the initial condition (1.2) is satisfied due to completeness of the set
of eigenfunctions {¥, }:

K(rg ti;ry,t1) =Y Wp(ra, t1) W (r1, 1) = 6(ry —ra) .
n
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Thus, (1.4) is indeed the propagator.
Let us now determine the propagator for a free particle described by

the Hamiltonian
) )
[P S
2m 2m

The solution of (1.5) is

d
U, = E, U, 5= i 1.
p=—i (1.5)

_ ip~r—ip—it _ p_2

U,(r,t) =e am" En—zm.

Since the momentum which determines a state can take arbitrary values,
this solution corresponds to the continuous spectrum. Hence, one has to
switch from summation to integration over all states in (1.4). As is well
known, there are d®p/(27)3 quantum states in the interval between p and
p + dp, and therefore one has to substitute 3", — [d®p/(2m)? in (1.4).
Consequently, for a free particle we obtain

d3 . . p2 . . p2
Ko(ra, to;r1,t1) = /—(2;))36“’”Zg—m%lp'““g_mtl
d3p ;  p2
— P'(I‘Q*l‘l)*l%(b*tl) . 1.6
| G (1.6)

It is easy to see that K satisfies both equation (1.1) and the correct initial
condition

d3p
2r)?

Ko(ro, tisry,t1) = / e (27T — §(py — 1)),

From (1.6) it follows also that Ky is in fact a function of only relative
variables, namely: Ky = Ky(r,t), where r = ro —ry, t = to — t1. This is
not surprising, since, if space and time are homogeneous, for a free particle
the transition amplitude between (ry, ;) and (re, t2) must be independent
of the absolute position in space and the absolute moment in time.

The integral (1.6) can be calculated explicitly:

dp . p? IM\ 2 ePm
K t) = pr—iz—t _ (277 rrall
olr, ) /(2#)3e (m) ¢

We represent the propagator for a free particle by the line

ri,t; ra,to

Suppose now that a particle is moving in an external field described by
the potential V(r,t). Let us consider the amplitude which corresponds



4 1 Particles and their interactions

to the transition of the particle from (ry, 1) to (re,t2). In this case the

following processes are possible:

(1) The particle reaches (rg, t2) without interaction with the external field

Ko(ra —ri3ta — t1)
to > 1

ry, ro, 1o (1.7)

(2) The particle propagates freely up to a point (r',t') where it interacts
with the external field. After this, it continues to propagate freely to
(ra,t2). This process can be represented graphically as

ry,ty vt ro, o (1.8)
To find the amplitude of this process, let us turn to the Schrodinger
equation for a particle in an external field:
ov

— = HopU + V.
Zat oV +

During a small time interval dt the wave function changes by
0V = —iHyV ot — iV ét.

The first term on the right-hand side of this equation corresponds to the
change of the wave function for free motion which has already been taken
into account in (1.7). This means that the interaction with the external
field leads to the change

oyW = —iVUét
of the wave function. Based on this observation, we can guess the answer
for the amplitude of the process (1.8):
Ky (I‘Q, to;ry, tl) = / Ko(rg—r/; tQ—t/) [—iV(r', tl)]Ko(I‘/—I‘l; tl—tl) dsrldt/,

th <t < ty. (1.9)
The integration in (1.9) corresponds to the summation of the amplitudes
over all possible positions of the interaction point (r’,t').
(3) The particle interacts twice — at points (r/,¢’) and (r”,¢") — with the
external field:

reh v’ ¢/ 1" ro, to
Similarly to (1.9), we shall write for the amplitude of this process
Kofra, toim ) = [ Ko(ramt/sta=t!) [V ()] Koo~ =)

x [V (', )] Ko(x' —ry;t' —ty) dr"d>r'dt” dt’
(1.10)
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ti<t <t'<ty.

It is straightforward to write similar expressions for three or more in-
teractions. We obtain the total transition amplitude K (ry,to;r1,%1) as a
series of amplitudes K, with n interactions with the external field:

00
K(I‘Q,fg;rl,tl) = ZKn(rQ,tQ;rl,tl). (111)
n=0

We need to show that the function K so constructed is, indeed, the prop-
agator of a particle in the external field.

1.2 The Green function

Working with the functions K,,, we always have to take care of ordering
the successive interaction times. To avoid this inconvenience, we can
introduce a new function G

G(I‘Q,tg;rl,tl) = H(tg — tl) . K(I‘Q,tg;rl,tl) ; (1.12)
Go(ra,ta;ri,t1) = O(ta—t1) - Ko(ra —r13t2 — t1),
where
1 t>0,
o) = { 0 t<0.

The function G is called the Green function. The integrals (1.9), (1.10)
with G substituted for the free propagators Ky remain the same, but the
step-function # included in the definition of G ensures the correct time
ordering automatically.

Let us now try to find the equation that the Green function satisfies.
Acting on G with the operator i0/0t — H(r,t), we get

e, d
1 —H(I'Q,tg) G(I‘Q,tg;rl,tl) = K(I’Q,tg;rl,tl) Z—H(tg—tl)
Otg dt

= i0(rg —1r1)d(t2 — 1),

if K obeys the Schrodinger equation. In the above derivation we have used
that the operator H(r,t) does not contain time derivatives, the propagator
K satisfies (1.2) and the derivative of the step-function 6(t) gives

d
—6(t) = 6(t).

Thus, unlike the propagator, the Green function satisfies the inhomoge-
neous equation:

.0 '
28_752 — H(ra,tg)| G(ra, ta;ry,t1) = id(ro —1r1)d(t2 — t1). (1.13)
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Let us show now that the total Green function can be obtained as a series

o0
G(ra,ta;ir1,t1) = Y Gulra, tasry b)), (1.14)

n=0
where
Gp(ra,ta;ri,t1) = 0(ta — t1) - Ky (ra, to;ry,t1).

We need to demonstrate that the function G so defined satisfies (1.13).
From now on we will associate each diagram with a respective Green
function, for example

I'l,tl I'2,t2 — Go(r2,t2;r1,t1),

ri,t r,t ro,ts  — G1(ra, ta;ri,t1)
— / Golra, to; v/, ') [=iV (¢, )] Go(x', ' x1, t1) di'dPr’ | (1.15)
etc.

Representing the total Green function by a bold line, we write (1.14)
in the graphical form:

G _ Go Go —iV Go
ri,t; ro,ts 11,1 ro,ta  T1,t1 r' Y ro,to

All the diagrams on the right-hand side, starting from the second term,
have the following structure,

—iV Gy iV Go
/4l * Jr * / ‘/
r't ra, to 't 1oty
and contain the graph
—q G
 a—
r, t ro, tg

If we extract this graph as a common factor, the sum of the remaining
diagrams again gives the complete Green function

G
Hence, we can write
G B Go Go —iV Go
ri,t ro,ta  ri,t1 ro, to ry,ty ra, ta
_ Gy . G —iV Gy
rl,tl 1‘2,1‘:2 rl,tl I',,tl I‘Q,tg ’
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Relation (1.16) is nothing but a graphical equation for the Green function
which corresponds to the integral equation

G(I‘Q,tg;rl,tl) = Go(rg,tQ;rl,tl) (117)
+ /Go(rz,tg;r/,t/) [V (', )] G(r ¢ ry, t1) d3r'dt’ .

To prove that it is equivalent to the differential equation (1.13) we apply
the free Schréodinger operator to (1.17):

.0 ‘
|:28—t2 — HO(I'Q,tZ):| G(r27t2;r1,t1) = 2(5(1‘2 — rl)(s(tQ . tl)

+ / i6(ra—t)S(ta—1') [V (&', )] G, s 11, t1) dPr'dt’
= i5(1‘2 — I‘1)(5(t2 — tl) + V(I‘Q, tg) G(I‘Q, to;ry, tl) .

Moving the second term from the right-hand side to the left-hand side
of this equation, we get exactly (1.13). The Green function G is defined
unambiguously as a solution of the inhomogeneous differential equation
(1.13) (or the inhomogeneous integral equation (1.17)) with the initial
condition G(ra,te;r1,t1) = 0 for to < t;. Note that in the case of the
integral equation, this condition is automatically satisfied by the iterative
(perturbative) solution: the exact Green function G vanishes for ¢t < t;
because the free Green function Gg does.

We conclude that the function G constructed according to the prescrip-
tion (1.14) is indeed the Green function of the Schrédinger equation for
a particle in an external field. Using (1.12) this allows us to complete the
proof that the function K in (1.11) is the corresponding propagator.

The graphs introduced above are, in fact, Feynman diagrams for the
scattering of a particle in an external field in the non-relativistic case.

It is worthwhile to notice that the space and time variables enter on
equal footing in equation (1.13) for the Green function, as well as in the
integrals for G,. This symmetry will make the Green function our main
tool when we turn to constructing the relativistic theory.

1.2.1 The Green function for a system of particles

The Green function for two or more particles can be constructed in the

same way. Consider, for example, two free particles. Their motion can
be described as

/ !
ri,t ry,ty

/ /
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Since these particles are moving independently of each other, the Green
function in this case is simply the product of the one-particle Green func-
tions:

Go(rh, r], th, 115w, 11, b2, 1) = Go(r] — 1, 8] — t1)Go(rh — ra, bty — ta).

The simplest diagram which takes into account the interaction between

two particles is

/ !
ri,ty X1, 71 ri,t]

i (1.18)

/ /
ro, t2 X2,T2 I'2, t2

The dashed line corresponds to a single interaction between the particles.
Similarly to the case of one particle in an external field, we ascribe to
this diagram the factor [—iV(xa — x1,72 — 71)], with V' the interaction
potential. For G we obtain

G Z/Go(r/l,tll;xl,Tl)[—iV(Xz —x1;72 — 71)|Go (%1, 71511, 1)

x Go(r'9, th; Xa, 79)Go(x2, To; Ta, ta) d>wy dPxq dry dry .

(1.19)

Unlike the case of one particle in an external field, the potential in (1.18)
describes an interaction between two particles, and it enters the respective
analytic expression in (1.19) only once. A justification of the prescription
(1.19) will be presented in Section 1.7. (Note that in non-relativistic
theory the interaction is instantaneous, so that actually V(xgy — x1;70 —

1) =0(10 — 1) V(X2 — X1).)

1.2.2 The momentum representation

We now return to the case of a particle in an external field. Usually it
is very instructive to work in momentum space. We shall carry out a
transformation to the momentum representation in a way which allows
us to preserve the formal symmetry between space and time variables.
This symmetry will be useful later, when generalizing the theory to the
relativistic case.

The Green function of the free particle is

3 . 2
Golr,t) = [ élﬂ];s PR §(1) (1.20)
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(see (1.6) and (1.12)). The variables t and r enter this expression in a

non-symmetric way. The symmetry can be restored, however, if we write
d*p ' '

Go(r,t :/—,G ,po) eP TPt 1.21

o(r,t) )i o(P; o) (1.21)

where r and t enter on equal footing as do p, pg. Here the Green function
in the momentum representation is

1
GO(pap(]) = p? K (122)
2m — Po 1€
where € is an arbitrarily small positive number. Thus,
d3pd 1 —
Go(r,t) = [ SL°P0 ePr—ipot (1.23)
CoEra—
™))" m Po — 1€

Let us show now that (1.23) and (1.20) are equivalent. For this purpose,
integrate (1.23) over pg. The integrand has a simple pole in the lower

half-plane at
2

= — —1€.
Po om

If we had € = 0, the pole would be located on the real axis and the integral
would not make sense.

A
Po Po

Ch
t<0

Y

Po= 5 —1€

If t < 0, the contour of integration can be closed in the upper half-
plane. Since in this case there are no poles inside the contour C7, the
contour integral vanishes. At the same time the integral over the upper
half-circle is zero due to the Jordan lemma' and this leads to zero for the
integral (1.23).

T The Jordan lemma is proved in any textbook on mathematical physics, see e.g.
G. B. Arfken and J. Weber, Mathematical Methods for Physicists, Academic Press,
1995
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Consider ¢ > 0 and close the contour of integration in the lower half-
plane. This time the integral over the lower half-circle is zero, giving

d*pd 1 .
(1.23) = / PP 5 ePTP0l — _97j Res
c (2m)% B _py — e

2m

Po

Here Res |p, is the residue of the integrand at the point py = p2/2m — ie.
Taking the € — 0 limit we get

d3 ) 2
(1.23) = 2m‘/ 5 §)4,elP-H§—mt,
)™

which is exactly the expression (1.20) for ¢ > 0. Hence, we have proved
that (1.20) and (1.23) coincide.

In (1.23) we guessed the expression for the function Go(p,po). Let us
obtain (1.22) straight from the Schrédinger equation. So, we are looking
for the solution of the equation

2
<z% + V—) Go(r,t) =i0(r)d(t) (1.24)
in the form (1.21):

G t) = d4—pG tp-r—ipot
O(r’ ) - (27T)4’L 0(pap0) e .

Substituting into (1.24) and using the relation

d4p

we have

d4p p2 ) ) d4p ) )
_Pa : ip-r—ipot _ / ZP'P*ZPOt’
/(27T)4’L (p(] m, 0(p pO)e ? (271')46

which, after introducing the infinitesimal quantity —ie to satisfy the con-
dition Gy(r,t) =0 for t < 0, results in (1.22).

Let us introduce the momentum representation for the external poten-
tial:

d4q iq-r—iqot
V(r,t) :/We Vig),
(1.25)
V(g) = / &y dt e~ 1O (p p)
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where ¢ = (qo,q). By substituting (1.21) and (1.25) into the expression
(1.15) for Gi(ra,to;r1,t1) we can describe the process
G() —£V G()

VY
ry,ty r,t ro,ly

in the form

4
Gi(ra,to;ry,t1) = /d?’rldt//%Go(pQ)eim'(mr/)imo(tQt/)
)44

Go(ra,ta;r’t")

d4 P ) 4 . ’ . ,
% (—Z)/ q V(q)ezq-r 72q0t/ dpl Go(pl)ezpl-(r —r1)—ip1o(t'—t1)

(2m)4 (2m)%i
—iV (r!,t) Go(r/,t'sr1,t1)
d*py d*qd* - ;
D2d qa py 3,0 g4/ i(—p2+a+p1)T i(p20—go—p10)t’
7(2 1Z; d°r'dt'e e
)24

(2m)454(p1+q—p2)
wx  eWP2r2—ip20t2 ,—ip1-T1+ipiots GO(FQ) [—V(q)] GO(Pl) ]

The integration over r’ and t' leads to the d-function which ensures the
energy—momentum conservation. Integrating over ¢, we finally obtain

d*prdips . 4 .
Gi(ra, to;ry,t :/ : e tP1T1HiP10tL LiP2 T2 —1P20l2
1(r2, tair, ) (2m)8i (1.26)
x Go(p2) [=V (p2—p1)] Go(p1) -
Hence, as a result of the interaction, the first correction to the Green
function of the free particle will no longer be a function of only the dif-

ferences r = r9 —ry and ¢t = t9 — t1. Gp can be rewritten in a similar
form:

d4pidt . ‘ ‘ .
Go(r,t) = /%ezprnJﬂplohesz-rzszotz(;(pl_pz)GO(pl)_ (1‘27)

Let us now introduce the exact Green function G(p1,p2) in momentum
representation:

d4n+ d* ) )
G(r2,t2;11,t1) :/% ¢! Prampte) o ~iPLMI=Pt) G, ).
(1.28)

Taking into account (1.27) and (1.26), we obtain

G(p1,p2) = (27)*6(p1—p2)Go(p1) + Go(p2)[~V (p2—p1)]Go(p1) + ( . |
1.29
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Graphically this will look like

G(p) _(2m)*0(p1 — p2)Go(p2) Go(p1)=V  Go(p2)
= + 4.
D1 P2 P1 P2 D1 D2

The expression for G1(p1,p2) given by the second term in (1.29) corre-

sponds to the first Born approximation in non-relativistic quantum me-

chanics (—V (p2—p1) is the scattering amplitude in this approximation).
One can repeat this procedure for the diagram

/

p1 p b2

Iry, t1 I‘/,t/ I‘”,t” Ira, tg

and get for the next term in the perturbative series (1.29) for the Green
function

4,1
(2734 V(' = p1)Go(@)V(p2— 1) - Golpz) . (1.30)
This corresponds to the second Born approximation, and the integration
over the momenta here is equivalent to the summation over the interme-
diate states in the standard quantum mechanical approach.

The general rules for constructing the Green functions G,, that corre-
spond to diagrams

Ga(p1,p2) = Go(pl)'/

/ //

b1 . p . p _ D2
V@' =p) V@' -p) —Vip2—p")

can be formulated in a similar way. Namely, every line corresponds to a
free Green function Go(p), every vertex corresponds to (—V'), and integra-
tions with the weight d*p/(27)* have to be carried out over all momenta
of the intermediate lines.

1.2.3 Virtual particles

Our perturbation theory differs from the usual one in the following re-
spect. The non-relativistic quantum mechanical expressions look as if the
energy was not conserved. Consider, for example, the stationary scatter-
ing problem, V(r,t) = V(r). In the second order in V' one writes for the
scattering amplitude

Vook Vi i(o—K)r
2m ~ 2m

where Vi, is the matrix element of the potential between the free particle
states with three-momenta p and k. Although the energies of the initial-
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and final-state particles are the same, p?/2m = p3/2m = E, the interme-
diate state energies Fy = k2/2m are arbitrary and, generally speaking,
different from F.

The expression (1.31) is actually contained in our Gg. Indeed, using
that in the stationary case V(q) = 2md(qo)V (q), we can represent the
integral in (1.30) in the form

P /

' 2m 0 P10=P(=P20

Z/C;_ZZE) V(p2_p/) Go(p/)v(pl_pl) :>Z V(pQ_E/)V(pI_pl)
p’

This becomes identical to the non-relativistic amplitude (1.31) if we take
the real external particle with p;g = p?/2m, and substitute p?/2m for
Po = Po-

What remains different is the interpretation. Within the framework of
our new perturbation theory the energy defined as the zero-component
of the four-momentum p = (pp, p) remains conserved at all stages of the
process, p1g = Py = p20. The intermediate particle p’, however, is not
real because its energy and three-momentum do not satisfy the relation
characterizing a free physical state, pj # p'?/2m. It is a virtual particle
(or particle in a virtual state).

1.3 The scattering amplitude
1.3.1 How to calculate physical observables

Let us calculate, for example, the scattering amplitude. The initial state
in the remote past is described by the wave function ¥;(r,t;). As a
result of the interaction, the particle at finite times ¢ > ¢; is described
by the wave function ¥(r,¢). This wave function contains information
about the interaction and ‘remembers’ the initial state. What we access
experimentally is the probability amplitude to find the particle in the
remote future in a given state W¢(r,t):

/ U (r, ) U(r, {) dr .

This expression can be simplified with the help of the propagator. Since
_ / K(r,t;0, )0, () &

the transition amplitude i—f (or the matrix element of the scattering
matrix S) has the form

Sy = / U (r, )0 (r, )dr = / U (e, ) K (v, 0, )W (¢, ) dPrdr
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where t — oo, t' — —oo. Finally, substituting the function G instead of
K, we get

Sy = / Vi, 6) G(r, &1, ) Uy (', o) dPrdr. (1.32)

Now calculate (1.32) for a real process. Suppose that a particle with
momentum p; interacts with an external field and, as a result, makes a
transition into a state with momentum po, i.e.

2 2
\I/i — \Ill — ezpyr—lﬁt’ \Pf — \112 — eng-r—zmt )
Then
p2 p2
Spo,p1 = / dr'd3r 67ip2'r+iﬁt eipl'rlfiﬁtl
(1.33)

)

d4,d4/ ] S Y Ty )
% / D1 82.92 G(pll,plg) P2t Zp20te 1p7 T +ip]t
(2m)34

where we have used the momentum space representation (1.28) for the
Green function G(r,t;r/,t'). The integration over r and " in (1.33) gen-
erates the product of delta-functions,

(2m)*8(p2 — Ph) (27)°6(p1 — PY)

and we obtain
! (22 —pa0) it (2 —pio)
Spo.p1 = W/dplodpme 2m~ P20) ¢ am P10 G(py,p2).  (1.34)

! Recall now the expansion of G(p1, p2) into the series (1.29):

G(p1,p2) = (2m)*0(p1—p2)Go(p1) + Go(p2) [~V (p2 — p1)] Go(p1)
4./

+ Golp) [ eV =) Gt V(pa—1f) Golpn) -

Inserting this expression into (1.34), we obtain the first term in the form

o2
i(t—t") (ﬁ —plo)

5327[)1 = _i(2ﬂ)25(p1 - p2)/dp10 Go(phpm) e

dp i(t—t’)(ﬁ—po)
= —i(2m)%3(p1 —p2)/70 e o (1.35)

2
o) .
£ —po—ie

= (2m)%5(p1 — p2),

¥ Note that in passing to (1.34) we have renamed the integration variables pj, — dpio,
along with the substitution p; = p; due to the delta-functions above. This allows
us to keep using the compact four-momentum notation p; = (poi, pi) but does not
imply that po; coincides with the energy of the real external particle, p?/2m.
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i.e. there is no scattering in this approximation. In order to derive (1.35),
the explicit form (1.22) of the Green function Go(p,po) has been used.
Since t — t' > 0, the contour of integration was closed in the lower half-
plane, with the integration yielding 2.

All the other terms in the expansion of G(pi,p2) contain free Green
functions sidewise. Therefore, we can write

G(p1,p2) = (2m)*8(p1 — p2)Go(p1) + Go(p1) T(p1,p2) Golp2), (1.36)

where T'(p1,p2) contains all the internal lines and the integrations over
the intermediate momenta.

Let us now calculate the contribution of the second term in (1.36) to
the integral (1.34). When ¢t — oo and ¢’ — —o0, the exponential factors in
the integrand oscillate rapidly. If the integrand were a smooth function,
the integral would turn to zero. However, this is not the case, since there
are poles of the free Green functions:

1
Go(pl)GO(pQ) = p2 ] p2 N
(ﬁ —pio — 26) (ﬁ — P20 — 26)
Moreover, these are the only poles: the factor T'(p1,p2) as a function of
the external energy variables pig, pog is smoother, because its internal
singularities are being integrated over,
d4p/

B V(py—pro:p —p1)--- .

5— —py— 1€
Hence, the integrals in (1.34) can be calculated by residues, and we finally
obtain for the transition amplitude

SpQ,pl = (271')35([)2 — pl) + iT(pl,pQ) . (137)

This means that T'(p1, p2) is the scattering amplitude, and it can be cal-
culated in the following way:

(1) Draw the relevant diagrams:

/
b1 D2 4 b1 D2 +p1 P D2

4+

(2) Write the corresponding Green function according to the rules above:

T(p1,p
G(p1,p2) = (2m)*6(p1—p2)Go(p1) + ~ ,( ! p22) — -
(ﬁ—Pm—%) (ﬁ—l)lo—%)
(3) Throw away the pole factors Go(p1) and Go(p2).

(4) Take the external line momenta to describe the real particles, that
is p1o = P1/2m, pao = p3/2m.
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1.3.2 Poles in the scattering amplitude and the bound states

Let us now show that the poles in the scattering amplitude determine the
bound state energies. The usual quantum mechanical scattering ampli-
tude is

2m 7 /
=" [Ty (r)w d? —=F 1.38
f=-[errvmusmdy,  Eop )
where p’ is the final particle momentum and Wg(r) is the exact solution
of the stationary Schrodinger equation with a given energy F.
For the Green function we have the expression

G(ra,to;r1,t1) = 0(7) Z U, (v, t2) W) (r1,t1); T =19 —11.
n
Consider the Green function with a definite energy:
oo .
Gg(ra,r1) = / G(ry,r1,7) e dr

= ST, () U (1) / dr e/ F=Ea)T(1.39)
n 0

= Iy Talr)¥alr)
; E, —E

This function satisfies the equation
1
(H - E) GE(I'27I'1) = ;(5(1‘2 - I‘1) .

The sign >, in (1.39) implies integration over the continuous spectrum
and summation over the states belonging to the discrete spectrum, i.e.
the bound states (if any). We see therefore that Gg(re,r1) as a function
of E has poles at the bound state energies. Let us demonstrate that these
very poles show up in the scattering amplitude as well.

With the help of Gg(r1,r2) one can construct the exact solutions of the
stationary Schrodinger equation. In particular, for the incoming particle
with momentum p we write

Up(r) = P71 (—i) / Gr(r,v') &P V(') dr.
This function indeed satisfies the Schrodinger equation:

(H—-E)Wg = (H-E)ePT— z‘/(H — BE)Gg(r,x') PV (x)) d*r

. . 2
= V(r)eT = V(r)eP* =0; for 2 — .

2m
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Then
2m
I=—
2m |
—1
47
2m fnp’f;p
=t 4 ZEn—E’

n

elar V(r) d3r

+ e’ T V(r)Gg(r,r) P’ V(') d3r d3r' (1.40)

where q = p — p/, fg is the scattering amplitude in the Born approxima-
tion, and

frp = /e*ip'r V(r) ¥,(r) d3r .

We see from (1.40) that the bound states really correspond to the poles
of the scattering amplitude.

1.4 The electromagnetic field

Aiming at relativistic quantum field theory it is natural to start by con-
sidering the intrinsically relativistic object — the electromagnetic field. So,
the first question we set for ourselves is how to construct the quantum
mechanics of the photon?

In classical physics one introduces a four-tensor Fj,,(x) of the electro-
magnetic field, the components of which are the strengths of the electric
and magnetic fields E and H (hereafter, z is a four-vector x = (x,t)).

We write the relativistic invariants in the form

TpYu = oYo — L1Y1 — L2Y2 — T3Y3,

making no distinction between the upper and lower indices. We introduce
also the metric tensor g,.,:

goo=1, gi1 =g =g =—1; 9w =0 if p#v.

We use the system of units where the fine structure constant o ~ 1/137
is connected to the unit of charge by the relation

4
2
=4dra~ —.
T
In this system of units the Maxwell equations for F},,(x) have the form
OF, ,
ﬁ = Ju(®), (1.41)
0F,, OF, oF
W T T (1.42)

ox)y Oz, ox,
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These are relativistically invariant classical equations of the electromag-
netic field. Usually one introduces the potentials A, (x)
0A 0A
Fo=7-—~>-—-*
or, Oz,

(1.43)

and (1.42) is valid automatically. There is, however, an ambiguity in the
choice of the potentials A, since the relation (1.43) does not fix them
uniquely. Using this ambiguity one can impose an additional Lorentz
condition

oA, _

0.
Oz,

Then (1.41) turns into the wave equation for the potentials:

0°A,

(1.44)
For the time being we suppress the vector index and consider the d’Alembert
equation in empty space,

Of(x)=0, (1.45)

which describes the propagation of free electromagnetic waves. Let us
try to describe the free electromagnetic field quantum mechanically. Al-
though such a description will give nothing new in the free case, it will
be necessary for generalization to the case of interaction.

Suppose that the electromagnetic field consists of photons — quantum
particles which are described by a certain wave function. The laws of mo-
tion should be identical for the free classical field and the corresponding
free quantum particle, since the quantum effects begin to manifest them-
selves only when the influence of a measuring device is not small, i.e. when
an interaction is present. Therefore, the free photon wave function we are
looking for should satisfy the classical wave equation (1.45).

Note that the classical electromagnetic field is observable since the
change in the field after the interaction with the measuring device is
negligible. In quantum mechanics the situation is different. Here a par-
ticle is described by the wave function W(z) which cannot be measured
directly. However, its absolute value squared |¥(x)|? (the probability den-
sity in non-relativistic quantum mechanics) determines physical observ-
ables and is, in this sense, measurable. The integral of the probability
density over the whole three-dimensional space is equal to the probability
to find a quantum mechanical particle anywhere in space and turns out
to be time-independent,

/|\I’|2 d3r = const . (1.46)
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Conservation of probability is one of the most fundamental principles of
quantum mechanics.

We have to construct for the photon a wave function ¥ which admits
probabilistic interpretation, i.e. there should exist a probability density
(J¥|2, or its analogue) with conserved spatial integral, as in (1.46). On
the other hand, this ¥ has to satisfy (1.45) which describes propagation
of photons with constant velocity ¢ in vacuum. Can we construct the
solution of the d’Alembert equation with the necessary property?

Recall how the conservation of the integral (1.46) is derived in non-
relativistic quantum mechanics. The wave function W is a complex func-
tion which satisfies the Schrodinger equation

ov v?
— =HV, H=-——. 14
“ot ' 2m (1.47)
The complex conjugate of (1.47) is
ov*
—1 = H*U", 1.48
i (1.48)

Multiplying (1.47) by ¥*, (1.48) by ¥ and adding the two expressions,
we obtain

9 1
— (U*) = — (UV20* — U* V2
Zat( ) 2m( A% Vv)
or 5 )
* — Z . * _ *
o (T*0) = o div(IVU* — U*VU). (1.49)

The equation of continuity (1.49) allows us to interpret ¥*W¥ as the prob-
ability density, since

U >0 and /\IJ*\IJ d®r = const,

where integration goes over the whole space. However, due to the lack
of relativistic invariance, the Schréodinger equation gives only an approx-
imate description of the physical system.

On the other hand, (1.45) is relativistically invariant. Let us try to ob-
tain an analogue of the local conservation law in (1.49) for the function f.
(We will consider f to be complex even though the electromagnetic field
is real.) To this end, write (1.45),

0% f

W—VQf:O, (1.50)
and, after complex conjugation,
2 fx

o1 —-V2f*=0. (1.51)

ot?
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Combining (1.50) and (1.51) we arrive at the local conservation law

LORf O ORf 0 (., 0f  Of
o e _§<f5_ ot

- ) = div(ss - 195°).

Thus we have constructed a local function with a conserved integral, and
we may try to interpret it as a probability density:

o)

p(r,t) =i (f* (1.52)
It is obvious from (1.52) that f has to be complex: if it were real, (1.52)
would be identically zero and it would be impossible to use f for the
quantum mechanical description of the propagation of free waves.

Unlike the case of non-relativistic quantum mechanics, p(r,t) in (1.52)
contains derivatives. This is a consequence of the fact that (1.50) is of
second order in time. Hence, to determine the wave function completely,
both the function and its derivative have to be fixed at the initial moment.
This is the condition on the experiment which determines the initial state
of the system. A classical analogy — the electromagnetic potential: A
satisfies the second order equation, but measuring the fields E and H
fixes both A and its time derivative, A.

Another, more serious problem is that p(r,t), as defined by (1.52),
might turn negative, and a negative p(r,t) does not admit probabilistic
interpretation. To avoid this difficulty, we have to choose only those
solutions of (1.50) for which p(r,t) is positive.

First, consider general solutions of (1.50). We look for a solution in the
form of a Fourier series

fl@)=Y"e™f(k),
k

where kx = koxo — k1kx1 — koxo — k3xs; ko, k1, ko and ks are arbitrary
real numbers. Hence,

Of(z) = Z(—kﬁ)e’ikmf(k:) =0, kY= kuky = kg — ki — k3 — k3.
k
(1.53)

Equation (1.53) has two obvious solutions
ko = £+|k|.

Fixing ko to be positive from now on, kg = |k|, we can write the general
solution as

f(x) = fr(x) + f-(2),
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where

fo(z) = Y e itoromknrg),
k

J-(a) = Den Rk i) = 3 el f (k)
k.l

k

are the positive-frequency and negative-frequency solutions, respectively.
Thus, unlike the case of the Schrédinger equation, here we have two com-
plex solutions with opposite frequencies. Let us show that one of the two,
f+ or f_, can be taken to represent the photon wave function.

Choose ¥ = f, as the wave function. As was shown above, the integral
of the local density

p=i(fw 2D 0 B s i @) s

is conserved. Indeed,

/pd?’r = Zf(k)f*(k’) z/ [eikx(—iké)e_im — ik:oe_ik/xeikﬂ dr
KK/

= (2m)° > f(k)f*(k) 2ko

k

does not depend on t. It is also positive definite. At the same time, for
the negative-frequency solution (1.54) the integral [ pd>r is negative. We
could easily make it positive by simply changing sign in the expression
(1.54) that defines p, if we were to choose f_ to describe the photon wave
function. We shall stick to the choice ¥ = f, which is motivated by the
analogy with the non-relativistic case, where the wave function depends
on time as exp(—iFEt) with F > 0.

The next question is whether the function p can be interpreted as the
local probability density. This is possible only if p(r,t) itself, and not
simply its integral, is positive. Generally speaking, this requirement is
not satisfied, since p is a sum of oscillating exponents. The only exception
is the stationary case, when

fr(z) = e ™" W (r)
and
plr,t) = 2w W (r)

does not depend on time and is positive definite.
We see that the photon wave function can be chosen as a positive-
frequency solution of the d’Alembert equation (1.50). In this case the
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function p(r,t) can be defined in such a way that its integral over the
whole space is positive and conserved in time. For stationary states p can
be interpreted as the probability density as in non-relativistic quantum
mechanics.

The reason why the probabilistic interpretation seems to fail for the
non-stationary states is deeply rooted in the nature of relativistic theory.
In non-relativistic quantum mechanics the object remains self-identical in
the course of measurement. In relativistic theory, as we shall see shortly,
the number of particles is not conserved. Localization of the photon in
the course of interaction (measurement) inevitably leads to creation of
other photons, and the notion of the one-photon wave function becomes
meaningless.

We have to establish two more facts: first to find an analogue of the or-
thogonality condition for the wave functions which correspond to different
k, and second to write the normalized photon wave function.

In the non-relativistic case we had

/ Vi () U (2) dPr = (27)P8(K — k). (1.55)

The condition (1.55) follows from an equation analogous to the equa-
tion of continuity (see e.g. Section 20 in Landau and Lifshitz: Quantum
Mechanics [1]). In our case the corresponding expression is

[ fadeyig O 1 ela) d'r = 25 —K). (1.56)

In this sense the negative- and positive-frequency solutions are always
orthogonal, i.e.

[ £da f+k/< )d*r = 0.
Our free particle will be described by a plane wave
Fr(@) =e ™ fk), ko= K|

Substituting this into (1.56), we obtain the normalization condition for
the amplitude f(k):

fk) f*(K) 2k (27)36(k — k') = (27m)%0(k — k'),

which gives f(k) = 1/v/2ko and




1.4 The electromagnetic field 23

The plane wave fiy(z) describes the freely propagating photon with mo-
mentum k and energy ko = |k|.

In fact, it is not quite photons that we have been discussing so far,
since photons are vector particles (i.e. they are described by the four-
vector potential Au)- Let us now repeat our previous considerations for
genuine photons. We again separate the positive- and negative-frequency
parts of the solutions of the d’Alembert equation for A,:

0A,=0. (1.58)
We start from the real classical potential A, and look for a solution in
the form

3 . .
Ay(z) = / % {au(k)e_””C + a;(k)e“’m} . (1.59)

Substituting (1.59) into (1.58), we get, as before,
B=ki=0 o  ky=x[K.
Hence, the wave function of a photon with kg = |k| can be written as

3 .
V() = / %au(k) ke, (1.60)

For a normalized state with momentum k we find

eu(k)

a,(k) = £=£ 1.61
where e, is a unit polarization vector. The derivation is the same as
for (1.57).

The Lorentz condition leads to

0y, / d3k kueu(kK) _ina
—F =i — ¢ =0,
0z, (2m)3 2k

i.e.

kyen(k)=0. (1.62)

This is the condition for the four-dimensional transversality of the pho-
ton. What does it mean? Generally speaking, one can introduce four
independent unit vectors ef; in four-dimensional space. Due to (1.62)
there remain three independent vectors, orthogonal to k,. However, since
ki = 0, one of these vectors will be proportional to the four-vector k,
which is ‘orthogonal to itself’. In other words, in Minkowski space (as
opposed to the case of Euclidean metrics) it is impossible to construct
three independent vectors which are orthogonal to a light-like vector and

differ from it.
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Indeed, let us choose the reference frame so that
k| z, ie. ky=(ko,0,0,k;), Fko=k..

Two vectors, orthogonal to k,, are

6;(}) = (071;070) = (eO’em’ey’ez)’
e) = (0,0,1,0),

while the third vector e,(f') is parallel to k,. (Indeed, given ky = k., from
koe(()g) — kze,(zg) = 0 immediately follows 683) = eg?’).) Consequently, both
vectors efjg) and k, have the form (a,0,0,a), i.e. they differ only by a
numerical factor. This third polarization (the so-called longitudinal po-
larization) does not count, however, as a degree of freedom of the photon.
The term in the potential corresponding to a,(f') k) = e,(f’) (k)/v2ky < Ky,
does not enter the gauge independent electromagnetic field strengths, E
and H.

For a real photon, we can always get rid of the polarization e&s) x ky
with the help of a gauge transformation, and therefore its existence cannot
affect any physical results. In reality, the Maxwell equations are invariant
under the gauge transformation of potentials

of
Ay — A+ 8—% . (1.63)
This transformation does not violate the Lorentz condition, provided
Of = 0. Introducing the Fourier representation of f(z),

$0 = [ fla)e i,
gives

e R (—ik,) f(k).

of(x) [ dk
0z, _/(27r)3

This means that in momentum space the gauge transformation (1.63)
leads to the transformation of the photon wave function

au(k) — ayu(k) — ik, f(k).
Since the gauge-dependent addition to the potential corresponds to e,(f’),
the contribution of the longitudinal polarization can always be turned
into zero by the proper choice of f(k).
Hence, the real photon has only two independent transverse polariza-
tions. Although the photon spin equals one, only two of its spin states
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(with projections of spin plus or minus one on the direction of motion) can
contribute to physical observables. This is a consequence of the photon
having no mass (k% = m? = 0).

So, the photon wave function can be written as a sum of the two po-
larization contributions,

o [0 e o [P
Yy = )\:ZL2/(27T)3 \/“%6 C(k,\) :A;:g/ (2ﬂ)3¢u (x)C(k, A),
A
with ;}k(m) — ﬂ ok

V2ko

We come to the conclusion that the two spatial components of the vector
potential A, should play the role of the wave functions of transversally
polarized real photon states. In order to construct the photon probability
density in analogy with (1.54), we have to sum the product of the wave
functions, 1,9, over the vector index p. Given our agreement about the

Lorentz space metric, ef})ef}) = eg)ef?) = —1, this implies contracting
the two vectors with the minus sign in order to preserve positivity of p
for physical spatial polarization states:

p = (~g) - U5(2) 2 ).

We write the normalization condition for the photon wave functions ac-
cordingly:

B Aok O K 3

o [ (@) iz 0¥ ) (L6
=—ey?"ey' (2m)5(k —K') = 630, (2m)%0(k — k).

The photon wave function we have thus constructed has a simple clas-

sical interpretation. Writing the vector potential in the form (1.59) and
calculating classically the mean energy of the electromagnetic field,

E? + H?
/ 2 Er=w,
V=1 2

we conclude that the normalization of our amplitude a, corresponds to
having exactly one photon in a unit volume.

1.5 Photons in an ‘external field’
1.5.1 Relativistic propagator

Let us try to find the propagator for a relativistic particle which is de-
scribed by the positive-frequency wave function fy(x). (For the time
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being, we shall again suppress the indices.)
In non-relativistic theory, we have obtained the propagator in the form
of a sum over all eigenfunctions,

K(xg,21) =Y Uy (x2) U (1), (1.65)
in such a way that the evolution of the quantum system is described by
@(1‘2) = /K(xg,xl) \If(xl) d37°1 s xTr; = (ti, I‘i) . (1.66)

In relativistic theory there are two additional considerations:

(1) The time-derivative of the wave function should be included along
with ¥ in the propagation law, since together they determine the
initial state.

(2) Since we have chosen the positive-frequency solution of the d’Alem-
bert equation to represent the wave function, we should take care
not to generate negative frequencies when the propagator is acting
on the initial wave function ¥(xq).

Let us try to write the relativistic propagator in a form analogous to (1.65),

K(za,21) =Y fif (w2) f;7* (1), (1.67)
and alter the propagation law (1.66) in the following way:
+ — ; 5 + 3
f(z2) = | K(xg,271) za—tl () dory . (1.68)

It is easy to check that equations (1.67) and (1.68) properly describe the
evolution of the wave function of a relativistic particle. Since any wave
function can be expanded as a superposition of stationary states f,", it
suffices to check the propagation of a single stationary state. Taking
into account the relativistic orthogonality condition (1.56), for f*(z;) =
I (z1) we obtain

—

P = X i) [ 170 g S @) = fie) . (169)

In the non-relativistic case we had a relation analogous to (1.69) with the
propagator (1.65) and an orthogonality condition (1.55).

The fact that (1.68) contains the time-derivative is in accord with the
d’Alembert equation being of second order in time: it provides the solu-
tion with given initial conditions, i.e. with given values of the function and
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its time-derivative at the initial moment of time. We conclude that (1.67)
properly evolves the photon wave function, that is an arbitrary positive-
frequency solution of the d’Alembert equation. At the same time, it does
not propagate (and does not generate) any negative-frequency states.

Let us calculate the propagator of a free relativistic massless particle.
Since we already know the normalized wave function

e—zkaz

fn:\/??o’

inserting it into (1.67) immediately gives us the propagator:

d3k e—ik(l‘g—xl)
K(eza) = [ G K=k (70)

Our propagator is relativistically invariant. To see it explicitly we use the
relation

(7)) =Y mm —x); ) =0

to write .
d*k 2\ —ik(zo—x
K(xz,ml):/(%)g 5(k2) e~ @221 g1y (1.71)

(The step function 6(ko) is inserted in the integrand to avoid the unwanted
solution ko = —|k|.) The four-dimensional integration d*k, the variables
k2 and ky,(z2 — x1),, entering (1.71) are manifestly Lorentz invariant. So
is the sign of the energy: the sign of the zero-component of £, does not
depend on the reference frame for light-like (and time-like) four-vectors,
k? > 0.

Thus, we have managed to construct a relativistically invariant prop-
agator K (zg,z1) in spite of having restricted ourselves to positive fre-
quences only. It is easy to see that K (2, x1) satisfies

DQK(xg,xl) =0 (172)

(where Oy means the d’Alembertian in x2): substituting (1.71) into (1.72),
we get

/d4kk26(k2) ... =0.

1.5.2 Relativistic interaction

We now try to introduce an interaction V (x) into our relativistic picture.
Similarly to the non-relativistic case, we would like to write something
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within the logic of ‘free propagation — point-like interaction — free propa-
gation’,
/K(;n2 — ) V(2) Kz — o) d'z, (1.73)

corresponding to the graph

1 T xT9

In the non-relativistic case we have added to this expression the condition
t1 <t <ty to ensure that the particle was first created and only afterwards
did it interact. This was achieved by introducing the Green function

G(xg - 561) == 9(t2 - tl) K(xg — xl) .

One might wonder if imposing such a condition is possible in relativistic
theory, in which the amplitude (1.73) has to be relativistically invariant.
Generally speaking, the time-ordering condition #; < ¢ is not relativisti-
cally invariant. It is invariant only for time-like intervals (z —z1)? > 0, in
which case the time sequence of events does not depend on the reference
frame. If K(x — 21) were different from zero only for (z — x1)? > 0, we
could impose such a condition. However, K (z — 1) does not vanish for
space-like intervals (z — x1)? < 0 (see (1.71)), and therefore ¢ > t; makes
no sense: insisting on t; < t < to would lead to a non-invariant expression
for the transition amplitude.
Our reasoning can be checked directly. Let us write

G = 9(t2 - tl) K(xg — xl)

and see what equation this function will satisfy. Acting with the d’Alembert
operator on GG, we obtain

2 )\ - PK 90 0K %0

In this expression the first term in the right-hand side is zero because of
(1.72), while the other terms are obviously not relativistically invariant.
Thus the condition t; < t < %5 is incompatible with Lorentz invariance
and is therefore meaningless. In principle, we could try to look for some
other function K such that the product 8(ty—t1)- K (x2—x1) would satisfy
a relativistically invariant equation. The ‘new propagator’ K, however,
would inevitably generate negative-frequency states.

Hence, we have failed to reconcile two conditions:

(1) The propagator should contain only positive frequencies (because
only in this case is the probabilistic interpretation possible).
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(2) The interaction should take place at time t between ¢; and to (i.e.
the requirement of causality).

Which of the two to sacrifice? Giving up the first requirement would
mean abandoning the probability interpretation of quantum mechanics.
For this reason, we had better look for a way to reconsider causality as
it is formulated in the second condition. Could not, for example, the
interaction occur before time t; when the particle was born, as shown by
the graph?

t

V to
t

(Hereafter we will assume that the time axis is directed from left to right.)
Indeed, the interpretation of this graph can be changed. Let us say
that it corresponds to the creation of two particles at time ¢, one of
which disappears at time ¢1. In this case the causality remains valid, and
diagrams of this type are meaningful.
The new interpretation we are looking for becomes even more trans-
parent in the case of two interactions,

t t ' 752
- e—— > @ -

If ' < t, this diagram can be rearranged similarly to the previous one:
ry, tl

ra, t2

\% \4
r,t r,t

)

Now we are ready to interpret it: at time t’ two particles were created, at
t a particle propagating from r; and one propagating from r’ annihilate,
and at to there remains only one particle. (Here the particle we detect at
to is actually not the particle that was created at ¢; but, then again, how
are we to distinguish them?)
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Such an interpretation is possible if we assume that the propagator,
in the presence of interaction, includes the processes in which several
particles can be present simultaneously. Hence, in order to be able to
introduce the interaction in relativistic theory, one has to abandon the
idea of conservation of the number of particles. This goes in line with the
fact that we have not succeeded in introducing a positively definite local
probability density (recall the discussion, page 22). The non-conservation
of the number of particles, i.e. the possibility of their production and
annihilation, does not contradict any fundamental principles since, due
to the uncertainty relation AEAt ~ 1, any number of particles can be
created for a short time interval.

Obviously, we can interpret K(t¢,t1) for ¢t < t; as a function propagat-
ing the particle from ¢; to ¢ only if K (t,t1)|i<s, equals K(t,t1)|¢>¢, with
the same value of |t — ¢1| (we assumed that identical particles propagate
forward and backward in time). To satisfy this condition the propagator
has to have a discontinuity at ¢t = ¢;. As a result, this function will no
longer satisfy the homogeneous d’Alembert equation (1.72), but will turn
out to be its Green function.

1.5.3 Relativistic Green function

We need to find the Green function of the d’Alembert equation,
0G(z) = —id(x), (1.74)

and establish its connection with the propagator (1.71). Let us represent
G(zx) as the Fourier integral

4 .
Gz) = / (;ﬂ;‘iie—m Gk). (1.75)

The corresponding representation for d(z) is

4
5(z) = / (;ZW’; ez (1.76)

Substituting (1.76) and (1.75) into (1.74), we get

4
O0G(r) = / (;W;Z(_kQ) e GQk) = _Z‘/Weikm7

7

which leads to

G(k) = — (1.77)

p .
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Thus,

|
G(z) = —/ wihe 1.78

(@) eohit R (1.78)
The integrand in (1.78) has two poles in ko, namely, kg = +|k|. To make
the integral (1.78) well defined, the poles should be shifted from the real
axis. There are four possibilities for shifting the poles from the real axis
into the complex plane, shown in Fig. 1.1.

+ X o +
ko = — K] ko = +]K|
o O X O
Fig. 1.1

We will consider only the two possible configurations of poles and two
respective Green functions that are especially important to the theory.

(1) Both poles are in the lower half-plane (marked as o). In this case,
if t < 0, the contour has to be closed in the upper half-plane, and

Gr = 0, t<0.

If ¢ > 0, the contour has to be closed in the lower half-plane, and
we have

Bk e~ ilklt+ikr BE ilklttikr
— — t .
Gr / 2P 2K / e ok 0 70

The retarded Green function Gy contains negative frequencies and
therefore does not suit us: we cannot use it to describe propagation
of relativistic particles.

(2) The pole on the negative axis is shifted upwards, while that on
the positive axis is shifted downwards (marked as x). If t > 0, the
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contour is closed in the lower half-plane (see Fig. 1.2), and we obtain

A3k e tlklt+ikr
G = t>0 1.79
/ 3 2‘k‘ 9 > ) ( )
while for ¢t < 0 the corresponding expression is
Bk etlklt+ikr
G = . 1.80
/ )3 2\k\ ( )
t<0
X e
o X
t>0
Fig. 1.2

Comparing (1.79) with (1.70), we discover a remarkable fact: for ¢ > 0
our Green function coincides with the relativistic propagator (1.71), while
for t < 0 it contains negative (and only negative) frequencies. Moreover,
the phase in the exponent is always negative (—i|k|t for ¢t > 0 and +i|k|¢t,
t > 0), and
G(z) = G(—=x), —x=(-r,—t). (1.81)

We may say that G propagates positive (and only positive) frequencies
forward in time, and negative (and only negative) frequencies backward in
time. This Green function is called the causal or Feynman Green function.
As we shall see below, it is this function which describes propagation of
relativistic particles in a truly causal manner.

Position of the poles in the Feynman Green function can be described
in terms of the substitution &% — k2 + ie in the denominator in (1.78).
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1.5.4 Propagation of vector photons

What will change in the previous analysis when we take spin into account?
The wave function of the photon is a vector fl;\(x) In this case the
propagator will depend on the spins of the initial and final states and
become a Lorentz tensor, K = K, . It is straightforward to verify that

Kz o) =Y 30 fiMa2) (772 (@) (1.82)

n A=1,2

properly propagates stationary photon states f™*. The equation for the
photon’s Green function D, will change accordlngly.

0D (x) =i guwd(x), (1.83)

where we have chosen the sign of the right-hand side such that for the
physical — spatial — components (g;; = —1) it coincides with that in (1.74).
Thus,
d4k efik:v
D = —_— . 1.84
v () 9“”/ (2m)% k2 + ie (1.84)

The infinitesimal imaginary part ie shifts the poles in the right direction.
Indeed, k? +ic = 0 — kg = £vVk2 —ic — +|k| Fic. Fort > 0 (1.84)

gives

3k e—zkx
Duyx)=—-9uw | —=——, t>0, ko=lk|. 1.85
@) =~ [ s o=l (L85)
This function does not completely coincide with the propagator (1.82),
since in

Bk eike .
K . A )\
wl@) = | G 20K, Z u

the summation goes only over the two physical photon polarizations, while
the metric tensor g,, in (1.85) ‘propagates’ all four independent polar-
ization vectors,

G = Ze)‘ e (1.86)

This means that (1.85) misses the fact that there are only two indepen-
dent polarizations. We must correct the Green function. On the other
hand, D,,, is the only solution of (1.83), and it seems impossible to alter
anything on the right-hand side of the equation without losing relativistic
invariance.

What is the nature of the problem? We wanted to have two polariza-
tions in K, while in D,,, there are four. This means that we have come
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to a contradiction with gauge invariance and/or the Lorentz condition.
There is nothing strange, however: for an arbitrary interaction potential
neither gauge invariance nor the Lorentz condition has to hold. To pre-
serve them, a certain condition should be imposed on the interaction! In
classical theory the situation was the same. A solution of the Maxwell
equation,

Oy

or, T

cannot be found for an arbitrary j,. It exists only for the conserved
current,

Oju

=0.
Oz,

Current conservation follows from the antisymmetry of F),,:

PFuw  Oju 0
Oz, 0z, B oz, -

Let us return to comparison of the propagator and the Green function.
The propagator was constructed for real photons k% = 0, while the Green
function contains four integrations over kg and k, so that the virtual
photon is, generally speaking, ‘massive’: k? # 0. For k? # 0, the Lorentz
condition k, e, = 0 determines not two but three independent vectors
which do not coincide with k,, itself, and we can include all of them in the
sum over polarizations in the Green function. These polarizations are:

Z eﬁei‘* = _gi‘y ,
A=1
@ LRk — k27, [ (kT)ky — K27,]
®nov k? [(kT)Q _ k2’7'2]
2 2
I e 0 e el
o k2 |k|2,

where giy is the unit tensor in the (x, y) plane orthogonal to k = (0,0, k),
and 7 is the unit time-vector, 7 = (1;0,0,0). Together with the ‘scalar’
polarization contribution,

0 0 ke

they form the full metric tensor in (1.86).
Thus, the only way we can improve our Green function (1.84) is to
include the sum over three polarizations instead of two. It may be cast
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in a relativistically invariant form,

3
. ok
doeney = —guw 5" (1.87)
A=1

as the sum over all four polarization states minus the contribution of the
scalar polarization e,(?) parallel to k.
Such an improvement may look rather dangerous, because our new

Green function,

- d*k e~k Tk k
D,y (z) = LY — g 1.
122 (x) / (27T)4’i —k‘2 — e |: k‘2 g,u ] ) ( 88)

has acquired an additional singularity at k* = 0. This should not worry
us too much. To prevent production of longitudinal real photons we have,
in any case, to organize the interaction in such a way that the terms in
the Green function that are proportional to k,, k, would not contribute
to the observables. As a result, the singular term o k&, /k? in (1.88) can
be dropped altogether.

By doing so we would return to the sum over all four polarizations, as
in (1.84). This, however, can be tolerated now: imposing the condition on
the interaction (current conservation condition) suppresses the production
of both scalar and longitudinal photon states, so that only two physical
polarizations in g, in (1.84) give non-vanishing contributions on the mass
shell. Indeed, the contribution of ‘superfluous’ polarizations is

el(f’)e(?’)* + @0 — TuTv 1.2 + terms proportional to k, and/or k, .

The terms o k,, k, do not contribute due to conservation of current (the
condition we will have to impose on the interaction), while the remaining
term vanishes for k2 = 0. It is responsible for the instantaneous Coulomb
interaction between charged particles, which is described in our language
by an exchange of virtual longitudinally polarized photons.

It is easy to see that, whether we choose to sum over four, as in (1.84),
or over three polarizations, see (1.88), the photon Green function satisfies
a symmetry relation similar to (1.81):

D, (z) = Dyu(—x). (1.89)
This means that D, describes not only the process

to >t

-
-

xr1 €2
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(the creation of a photon at x; and its disappearance at x3), but also a
process which goes back in time:

to < 11

o
-

T2 €1

The latter can be interpreted as the creation of a particle at the point zo
and its propagation to z1 and, according to (1.89), this particle is identical
to a photon. Examples of the processes with different time ordering were
given by diagrams on page 29.
Let us summarize what we have obtained so far. We have constructed
the photon wave function
6)‘ e—ikx
wu Y

V2[K]

and the Green function
d4]€ e—ikx
Dy () = 9“”/ m)%i k2 +ic

In addition, the wave function
U(z)=e ", pp=_-—,

and the Green function

o) :/(d4p 2 o—ipT

1; :
2m)t Bo — py — de

of a non-relativistic particle are known. This is already sufficient for the
construction of quantum electrodynamics (QED) of non-relativistic parti-
cles, equivalent to the usual quantum theory of radiation. It makes more
sense, however, to construct the electrodynamics of relativistic particles,
which in the non-relativistic limit reproduces the non-relativistic results.
For that purpose, let us consider massive relativistic particles.

1.6 Free massive relativistic particles

A free particle at rest can be characterized by two additive integrals of
motion: the energy, which is equal to the mass m of the particle, and the
internal angular momentum — the spin J. We shall classify all particles by
their masses and spins. We have to construct a theory for free particles
of arbitrary masses and spins, moving with any velocities, i.e. having
arbitrary momenta p.
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In order to understand which features of the theory are connected with
relativity and which ones with spin, let us begin with spin zero particles
J = 0; as is well known, there are many particles of this type, e.g. the
pions (t~, ¥, m"), with mass m ~ 140 MeV.

Classical relativistic invariance leads to the relation

E? = p? 4+ m? (1.90)

between energy E and momentum p. Correspondingly, a quantum me-
chanical particle with momentum p is described by the wave function

U(x) ~ P (1.91)

where E and p are related by (1.90).
Let us find an equation for the wave function in (1.91). Consider

0 2 2
Substituting (1.91) into (1.92), we get (1.90), i.e. the classical equation
(1.90) corresponds to the quantum mechanical equation (1.92). Trying to
introduce the probability density p(x), we face the same difficulties as in
the case of the electromagnetic field:

p(x) # |¥(x)]?, and /\\I/(x)\Q d3r # const.

—

Again, \I’*z%\I’ which satisfies the equation of continuity

o] . .9 o .
5 v (x)za\IJ(x) =div i [U*(2)V¥(z) — ¥(z)VI*(2)] (1.93)
is conserved, and
pla) = W (2) 12 W4 (2) (1.94)

is the only possible expression that we can take for the probability density.
Here ¥ is the positive-frequency solution of (1.92) corresponding to E =
VP2 +m?2, and ¥_ is the negative-frequency solution, which corresponds
to B = —/p? + m2.

Henceforth, we shall write ¥, = W. In the case of the stationary state
U(z) = U(r)e P! the function p(r) plays the role of the probability
density

plr) = 2B [U(r)[?
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in the same way as for the photon. Similarly, we can introduce the wave

function
e*l'pfl'
U(x) = ,  po=+/p?+ m? 1.95

and the Green function

4 e—ipx
G(x) :/(dp (1.96)

2m)4im? — p? —ie

for a free particle. (In fact, in the integral representation (1.84) for D, ()
the squared momentum enters with the same negative sign as in the in-
tegral representation (1.96) for G(z). This is because only the spatial
components of g, are effective for the photon, and g1 = goo = —1.) As
before,

G(z) = G(—x).

It also follows from (1.96) that for ¢ > 0

dgp e—i\/p2+m2t+ip-r
G(x) :/(271')3 9 /7p2+m2 3

i.e. positive frequencies propagate forward in time.

1.7 Interactions of spinless particles

How can an interaction be described in relativistic quantum theory?
There is no potential, there are no forces — all these are entirely non-
relativistic notions. Moreover, the field is also represented by particles
(‘quantized’). Thus, we have nothing but various particles characterized
by their masses and spins.

Let us consider two spinless particles with different masses m; and msy;
their wave functions are W, Wy. The Green function of the first particle
is represented by a solid line, that of the second one by a dotted line:

= G1($2 — 561),

x1 Z2

If these two particles interact, what will happen? If we assume that
there are no other particles around, for point-like objects there is only one
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possibility: they collide and scatter at a point x, as is shown in Fig. 1.3.

| Xy

Fig. 1.3

How do we write the amplitude for this process? Following the picture
(two free particles propagate from x1,x3 to the point x, interact, then
propagate to xs,x4) let us write

Gr2(z2, 24571, 73) (1.97)
= / G1(xy—x)Go(xy—x)V ()G (x—21)Go(x—x3)d 2,

where V(z) is an interaction amplitude. This amplitude cannot depend
on any relative coordinates because we have assumed that the interaction
is local. Moreover, due to homogeneity of space-time, it cannot depend on
the position of the point where the particles meet either. Consequently,
V(z) = const = \. Thus, we obtained a definite expression for the transi-
tion amplitude which contains only one overall unknown constant factor.

The integration in (1.97) goes over all points x in space-time. In the
region

t1, 13 < t < to, 14

the interpretation is clear. We know, however, that it is impossible to
maintain a restriction on the region of integration since in the relativistic
case G(At) does not vanish for At < 0. Other regions will contribute as
well, e.g.

t1 <t < to,t3, 1.

In the latter case our previous interpretation of the process does not make
sense literally, and it is natural to redraw the space-time diagram as shown
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in Fig. 1.4.

€2

X1 X

.‘;Cg

Fig. 1.4

This means that a particle propagates from z; to the point z where it
decays into three particles as result of the interaction. In other words,
due to relativistic invariance, the process described by Fig. 1.3 can only
be considered together with particle creation processes like Fig. 1.4. The
reason is that the integral (1.97) necessarily contains an integration re-
gion where the process can be interpreted only if we accept particle non-
conservation. But this is exactly what happens in nature! As we have
discussed in Section 1.5.2, non-conservation of the number of particles is
a highly non-trivial fundamental consequence of relativistic theory which
is confirmed by experiment.

Let us look at the particle production process in Fig. 1.4 and try to
write its amplitude according to our rules (propagation of particle 1 from
x1 to x, point-like decay, propagation of particle 1 and two particles of
type 2 from x to their final destination points zo, x3 and x4):

G(z2, w3, w43 71) (1.98)
= /Gl(xg — 2)Go(x3 — )Go(xg — ) V() Gi(x — 1) d',

where V(z) = ) is a space- and time-independent decay amplitude. On
the other hand, as we already know, this process is also contained in
(1.97), so that for the same values of the coordinates x; (1.97) and (1.98)
must coincide. Comparing them we observe that all the elements of the
two expressions match except the Green functions Gy connecting the
points = and z3. However, these two elements are also equal due to
the symmetry Go(z3 — ) = Go(xz — x3), and we derive

A=A

We see that the expression for the amplitude of a scattering process in
a region with ‘strange’ time ordering coincides with what we could have
expected for a completely different process — that of particle creation. The
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very existence of a scattering process represented by Fig. 1.3 implies the
existence of a number of other processes. Among them are the ‘decay’
process like the one in Fig. 1.4, or the process of annihilation of two
particles of the first type into two particles of the second type (Fig. 1.5).

Z1 T4

X1,y < T < T3,T4 -

T2 X3
Fig. 1.5
Thus, we conclude:

(1) Due to the symmetry of the Green function, processes of particle
‘transmutation’ and ‘decays’ arise automatically from the ‘scatter-
ing’ process shown in Fig. 1.3.

(2) The amplitudes \ of all these processes are equal, i.e. we derive from
the requirement of Lorentz invariance not only existence of different
processes, but also the connection between them.

(3) For consistent interpretation of such processes it is necessary to as-
sume that the function G(xz — 1) describes propagation of a particle
from z1 to x, when t; < t, and from x to x1, when t; > t.

Let us see what will happen if the particles interact more than once as
shown in Fig. 1.6.

1 Z2

\/\,/36113 <2 < 9,14
xs3 T4
Fig. 1.6

Is this all? In Fig. 1.6 we supposed that it was the particles coming from
21 and 3 that met at x. An alternative double interaction picture is
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shown in Fig. 1.7.

1,23 < z,:z:' < T2,T4.

SCS i4
Fig. 1.7

This diagram describes a process which is essentially different from the
first one. The new diagram cannot be reduced to that in Fig. 1.6 by
moving the interaction points: the two pictures are topologically differ-
ent. Our process can go now via two independent routes. Therefore, the
expressions corresponding to Figs. 1.6 and 1.7 should be added as the
amplitudes of independent quantum processes to give the full transition
amplitude 1 +2 — 1 + 2 in the second order in A.

The particles attached to points x3 and x4 are identical. The question
is whether our scattering amplitude is aware of it. As we have already
explained, due to relativistic invariance we can freely play with the time
coordinates, looking at the diagrams with different ordering of times in-
volved. Let us choose

Ty, xg < T3, T4,

which is equivalent to looking at the graphs Figs. 1.6 and 1.7 ‘from the top’
(changing the time-arrow from the accepted horizontal to vertical). By
doing so we come to the transition process 1+1 — 242 with two identical
particles in the final state. The total amplitude we have obtained by
summing Figs. 1.6 and 1.7 is then automatically symmetric with respect
to transmutation of particle coordinates: under the replacement x3 < x4
the diagrams Figs. 1.6 and 1.7 interchange, and their sum remains the
same. (This is a hint for the future relation between particle spin and
statistics.)

Having designed the fundamental interaction we can now multiply the
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particles in arbitrary numbers:

etc.

We have considered a theory with two species of particles merely for
convenience, to make it easier to see how the diagrams transformed under
different time orderings. We can construct the relativistic interaction
having only one sort of particle at our disposal. Again, we may take four-
particle interaction as the primitive process, which contains scattering
and decay configurations:

T4

I .%'1

T

T3

332 332

T2
Is a three-particle interaction

Z2

x1

T3

also possible? As a real process, the decay of a particle into two is forbid-
den by energy—momentum conservation. For finite time intervals, how-
ever, its amplitude is different from zero and we can use it to describe
scattering of real particles which interact by exchanging a virtual particle.
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In the lowest order (two interaction vertices) the topologically different
diagrams describing scattering of two particles are

X1 y &3 X1 X X4
/ /
T2 X T4 T2 X T3
and
X X4
T3 T4

To obtain the total scattering amplitude one has to sum the amplitudes
of these three processes.
We see that it is unnecessary to take as an elementary interaction

>< (which is kinematically allowed as a real process). One can de-
scribe everything with the help of a triple vertex —< , the simplest
kind of interaction between identical particles.

Let us study three-particle interaction in more detail. The correspond-
ing amplitude is Ty

z1

T3

G(xg,x3;21) = /G(xg —2) Gz — )y Gz — x1) d*z. (1.99)
Inserting the Fourier representation (1.96) for the Green functions, we get

a( c21) = / d*p1d*pad’p; L
IR ] TP (m? - ph)(m? — p)(m? — p))
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% / d4xe—ip2(a:2 —z)—ip3(x3—x)—ip1(z—x1)

_ / d*p1d*pad*ps(2m)*6(p2 + p3 — p1) o~ ipama—ipazs-+ipio:
[(2m)*]3(m? — p1)(m? — p3)(m? — p3)

dpydipadip P
| e 2R 6 )Gl )

where d(p2 + p3 — p1) reflects the energy—momentum conservation. The
Green function in momentum space is extremely simple:

G(p1,p2,p3) =7 G(p1) G(p2) G(ps3) - (1.100)

The corresponding diagram in momentum space is

D2
!
Y
D3
The expression (1.100) describes virtual particles, since the on-mass-

shell conditions p? = m? cannot be satisfied by all three momenta si-

multaneously. As a result, the corresponding amplitude G(x2,x3;x1)
in coordinate space vanishes exponentially in the limit t; — —oo and
to, t3 — +oo which would correspond to the real decay of a particle into
two.

To prove this, let us integrate over ps in (1.99). We obtain

G(x9,x3;11)
d4p2d4p1 4 eipg(xg—xg)—l—ipl(xl—xg)
| Torip O e

Note that in the region of integration in (1.101) there is no point where
all three denominators vanish. As a result the integral at t; — —oo and
ta,t3 — oo cannot be written in the form of a momentum space integral
of the product of the initial and final real particle wave functions and a
finite momentum space decay amplitude.5 This means that at large initial
and final times all three particles cannot be real simultaneously and the
real decay cannot occur.

The possibility of a real decay of a particle into two is governed by
energy—momentum conservation. For identical particles, such a process is

(1.101)

§ Compare with the discussion of the S-matrix and especially equation (1.131) below.
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forbidden, though a sufficiently heavy particle 1 can decay into two real
light particles 2 and 3 provided m; > mg + ms.

1.8 Interaction of spinless particles with the electromagnetic
field

Now consider the interaction of a charged particle with a photon. We
know the free Green functions of electrons and photons:

71 o G(m'g — .%'1)
3 T4 v (T4 — T3)

How might they interact? The simplest picture which comes to mind is

T3

I x T2

As we already know, it is not a real process since the corresponding am-
plitude vanishes in the limit 1 — —o0, x3,x3 — +o00. Still, it can be
taken as the basic building block for constructing the interaction between
charged particles and photons.

The photon is a vector particle and its interaction may depend on the
photon polarization. Therefore, the interaction amplitude I',, should bear
the vector index v. The four-vector amplitude for the emission of a photon
takes the form

Gu(xs,x2;71) = /DW(xg —2)G(zy — )Ty (x) Gz — z1)d*z. (1.102)

As before, I', should not depend on the position z,. On the other hand,
it is a four-vector, and the only such vector we can invent besides x,, is
0/0x,,. Hence,

G(zg — )Ty (2)G(x — 1)
0G(z — 1) b 0G(z2 — )

= aG(zxy—x) o D1,

Gz —z1), (1.103)

where a and b are arbitrary constants. (We do not need to differentiate
the photon Green function D, (x3 —x) because this derivative can always
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be traded for differentiation of the functions G using integration by parts
in (1.102).)

We have to impose an additional condition on the interaction to exclude
the two unphysical polarizations which are present in D, o g,,.The
electromagnetic field has to satisfy the Lorentz condition at the point x3
(at least for xg # x1,x2, see below), and therefore we should have

0Gu(ws, w2im1) _ (1.104)
03,

Since the amplitude G, depends on z3 only via D,,, it suffices to differ-
entiate D, in (1.104), which gives

8D;LV (.%'3 - 1’) / d4k e*ik({[’g*{[’) 3 AN
_ = O = k * .
D3, Y] ey k2 Az_% uv

The condition kuef; = 0 is valid only for three vectors e* (A =1,2,3),

while kﬂef})) =% 0. To satisfy the Lorentz condition at 3, the contribution
of the scalar polarization e(®) should disappear from (1.104). Effectively,
this is a condition on the interaction vertex I', imposed by current con-
servation.

Let us calculate the divergence 0G,,/0x3, starting from the definition
of the amplitude given in (1.102) (D, = guD(x)).

0G,(v3, 225 21) 0D(x3—1)
PR e :guy/i

—2)T, _ 4
Dray Dasn G(ra—z)T,G(x—x1)d x

:/D(;c?)—x)aixu (G(xg—x)FuG(x—xl))d4x.

(1.105)
Here we used 0D(x3 — x)/0x3, = —0D(x3 —x)/0x, and integrated by
parts.
The expression (1.105) equals zero for arbitrary x3 provided that

0

aT(G(ﬂjQ —xz)Iy G(:n—:m)) =0. (1.106)
I

Thus, we have a condition on the interaction. To specify it, we insert
(1.103) into (1.106) to get

0
8—%(67‘(@ — )l (2)G(x — ml))
0G(xg — x) O0G(x — x1) 0G(xg — x) O0G(x — x1)
=a +b
oz, oz, oz, Oz,
2 _ 2 —
—i—aG(azg—x)a Gl —z1) —|—ba Gz x)G(x—xl).

2 2
&ru axu
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Because 0°G(z)/ 83@% = —m?G — i§(x), the terms containing masses will
disappear together with the first two terms on the right-hand side, if we
put a = —b. The remaining piece,
0 . .
%(GPMG) =a|[G(xy —x1)(—i)0(x1 — ) — Gz — 21)(—i)d(x — x9) ],
“w

differs from zero only when either x = x1 or x = x2 and corresponds
to photon emission at the very moment of particle creation (absorption).
Strictly speaking, one should consider these situations separately, adding
to the main process pictures of the type:

T3

+ emission from o

xr1 €2

in order to preserve the current conservation exactly. This additional
piece, however, never enters physical processes. The charged particles
one studies in real experiments are prepared long in advance so that the
photons which might have been created then do not affect the measure-
ment (do not hit detectors).

So, our best choice for the photon emission vertex is

]
and, respectively,
P}
Gu(xs, x9;21) = V/D(azg—x) G(z2 — x)aTG(:U —x1) | d*z. (1.108)
w

We shall associate this amplitude with the diagram given in Fig. 1.8.

T3

I X X9

Fig. 1.8
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The theory we have developed so far is not quite satisfactory. Consider
the region of integration in (1.108) where ¢1,ts < t3. This corresponds to
the graph given in Fig. 1.9,

I

T3

T2
Fig. 1.9

which describes two charged particles merging into a photon. What hap-
pened to the electric charge which, as we know from classical physics,
should be conserved? The picture makes no sense.

There is also another contradiction, a formal one. Before, we were
forced by relativistic invariance to suppose that the Green function G
propagates the same particle forward and backward in time. However,
we know that the amplitude of a process involving identical spin-zero
particles should be symmetric under their permutation (Bose statistics).
Meanwhile, the amplitude we obtained in (1.108) is apparently antisym-
metric under transposition x; < x3 (due to the antisymmetry of the

operator 5/8:@).

The way out of these contradictions is to make the hypothesis that for
charged particles there is always degeneracy: for every charged particle
there exists an antiparticle with the same mass. Since the Green functions
of particles with equal masses coincide, this assumption enables us to give
a different interpretation of the graph in Fig. 1.9, according to which an
antiparticle rather than a particle is propagating from x5. In other words,
G(z) describes the propagation of a particle if ¢ > 0 and that of a different
particle (antiparticle) if ¢ < 0.

Now, by ascribing to the antiparticle an electric charge equal and op-
posite to that of the particle, we can rescue charge conservation. The
diagram in Fig. 1.9 now describes a legitimate process of annihilation of
two particles with opposite charges into a photon.

What about the second problem? It seems to have disappeared, since
the two charged particles in Fig. 1.9 are no longer identical, so that we
do not need to bother about permuting their coordinates. Nevertheless,
the antisymmetry of the amplitude gives us important information about
the interaction constant v we introduced in the interaction vertex (1.107):
the coupling constant changes sign when we replace a particle by its an-
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tiparticle. This hints at the future identification of v with the electric
charge of the particle emitting a photon.

Indeed, let us consider an antiparticle which propagates from xo, emits
a photon at x and then propagates to 1. For the corresponding amplitude
we would write

N

0
-Gy — ) =— G(x — x2),
7(1 ( 1 ) axﬂ ( 2)
where we used G, = G and the subscript a refers to antiparticle. The
same process can be described as photon emission by a particle by taking
the reversed time sequence, to < t < t1,

>

V-G(xg—x)a%G(x—xl).
n

The latter expression differs from the previous one only in the order in
which the differentiation of the functions G is carried out. Therefore,

Ya = —7-

The operator Eﬂ is rather inconvenient to use for the photon emission
vertex because we always have to keep track of the time ordering (which
G stands on the right and which on the left from @,) and whether the
amplitude is written for a particle or its antiparticle (the sign of ). The
annihilation diagram in Fig. 1.9 is the most confusing: which order for
the two Green functions in G 9, G to prefer and, correspondingly, which
factor (7 or v, = —7) to supply it with?

It is useful to introduce arrows in the graphs and change the previous
convention 9=¢9 — @ to the new prescription shown in Fig. 1.10.

here T',, differentiates with a ‘plus’ sign

¢ here I', differentiates with a ‘minus’ sign

S
Fig. 1.10

Supplying the charged particle line with an arrow provides a convenient
way to distinguish between particles and antiparticles. This enables us to
see immediately if the differentiation is carried out with a plus or a minus
sign irrespective of how the graph is oriented (that is, independently of the
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time sequence of events). Within this new convention, photon emission
by a particle and its antiparticle is described by expression (1.104) with
the same parameter 7.

Existence of antiparticles, which has been confirmed by numerous ex-
periments, is not a law of nature in itself. We have predicted antiparticles
following the conservation of charge (a certain form of the electromag-
netic interaction) and relativistic invariance. This prediction fits into the
general pattern: Conservation — Symmetry — Degeneracy. In general,
existence of antiparticles is always a consequence of conservation of some
kind of charge (not necessarily electric). For example, existence of anti-
neutrons is connected with baryon charge conservation, that of anti-K
mesons with conservation of hypercharge, etc.

1.9 Examples of the simplest electromagnetic processes

For the time being we shall treat the simplest processes with the minimal
number of interactions between photons and charged particles. But before
that let us briefly discuss the role of higher orders.

In addition to the process we have considered above,

photon emission could also occur as a result of more complicated pro-
cesses, for example,

T3

Can we restrict ourselves to the simplest processes? Yes, if the prob-
ability of more complicated ones is relatively small. To this end, let us
compare the amplitudes corresponding to the two graphs above.

The first amplitude is described by (1.108). For the second one we have

Al (3, 09;21) = /d4xd4x'd4x” D(2" — x)D(x3 — 2')
X G(za—2" )Ty (2")G (2" —2" )T (2" G (2" —2)Ty (2) Gz —21) .

Compared to (1.108), here there are two more Green functions, two more
vertices I';,, one more D and two more integrations. The dimension of
this ‘extra’ part is

GGDTTdwdla~ = L L2205 o 2
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Since the dimensions of both amplitudes should be the same, v must be
dimensionless. Hence, it suffices to have v < 1 to allow us to ignore
more complicated processes and consider the simplest diagrams only.

Let us consider the simplest processes with real charged particles and
their diagrammatic description.

1.9.1 Scattering of charged particles

As we have already discussed, EJ does not correspond to any

real physical process (a free electron cannot emit a real photon). What
can happen with two charged particles?

I .%'1
(a) The particles do not interact
To )
x1 @}
(b) Contact interaction between
particles without emission or
absorption of photons:
To @

Whether such an interaction exists is an experimental question. It
does exist for some particles, and does not for others. (For example,
contact interaction exists for pions.)

Existing or not, we shall ignore it anyway, because it has nothing
to do with the emission or absorption of photons we are interested
in. We will consider only electromagnetic interactions, i.e. we will
assume that non-electromagnetic contact interaction is absent. (In
fact, the field theory we are about to construct will be a simplified
quantum electrodynamics of electrons and muons without spin.)

(¢) Scattering of charged particles via photon exchange. The simplest



1.9 Simplest electromagnetic processes 53

diagrams with one photon exchange are shown in Fig 1.11.

— — / — - /

1 T x T ) m T x 7r x
+
9 T x T xh o T x’ T x4
Fig. 1.11

Both of these processes are possible, since after the emission of a
photon at z the particle from the point 21 can propagate to = as
well as to 2. The amplitude can be written as

G(hy, 2529, 71) :/d4x d*s' G(z}) — )T ,G(2' — )

x G(zh — 2" \T,G(x' — x2) + {2} < b},
(1.109)
where {z] < z,} denotes an expression identical to the previous
one but with #} and 2, transposed.

From the first diagram in Fig. 1.11 follows the existence of the graph

/
Ty )

from the second diagram that of

T
r xh

v

'1"1 1;2
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These graphs correspond to the process of mrm~ scattering. Hence, the
7" scattering amplitude (1.109) automatically contains the w7t~ scat-
tering amplitude as well. The ™ 7" scattering can be treated similarly,
only in this case one has to put x},,xh, < z10,x20 and thus to reverse
both lines:

t +

— —
- -

=

— —
- -

ot ot

Thus, once we have written the amplitude of m~ 7t~ scattering, we au-
tomatically obtain the m~7t and m~ 7" processes. This is a powerful
consequence of degeneracy, which itself resulted from relativity. The am-
plitudes of these new processes follow immediately from (1.109). We only
have to choose the initial and final times properly, that is, to redirect the
lines of the original diagrams in Fig. 1.11.

The tn™ — wwh™ amplitude is identical to the m~n~ — 7~ am-
plitude, because the amplitude contains two factors I';, and each of them
changes sign when both particles are replaced by antiparticles. Unlike the
case of scattering of particles with the same charges, the amplitude of the
particle-antiparticle process ™t~ — mtn~ differs significantly from the
two previous amplitudes, even though it is obtained from the same initial
formula. This is due to the presence in this case of a new, physically dif-
ferent, process where two incoming pions annihilate in the intermediate
state into a virtual photon.

1.9.2 The Compton effect (photon-Tt-meson scattering)

Let us take a photon and a 7t-meson in the initial state. Again, they
might not interact at all:

l‘l 'Il

i) 1’2
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If they do interact, the meson can absorb the photon at a point x and
emit it at 2’

_~

il X

To )

Alternatively, the meson can emit a photon at a point 2 and absorb the
initial photon at x’:

x1 @)

L2 Ty
Is a contact interaction possible as well?

x1 @)

T2 b

As we have discussed above (see Section 1.9.1), there is no a priori answer
to this question. In general, its existence is an experimental problem. In
electrodynamics, however, the situation is special. Here the interaction
should satisfy conditions imposed by current conservation which forbids
contributions of scalar and real longitudinal photons to any physical ob-
servables. It turns out that, indeed, in the case of scalar charged particles
current conservation requires the presence of such contact interaction. As
we shall see later, the strength of this contact interaction is proportional
to 72.
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1.10 Diagrams and amplitudes in momentum representation

We begin, as before, with the simplest diagram for photon—meson inter-
action.

T3

T X T2

The corresponding amplitude in momentum representation, i.e. the Fourier
transform of G, (w3, x2; 1) is defined as

d4 d4 d4k7ix ipoxo+ikx
Gu(xs, w23 21) :/%6 provtiparetikes g (p) po k), (1.110)

where the minus sign before one of the terms in the exponent is chosen
merely for convenience.

1.10.1 Photon emission amplitude in momentum space

Let us now calculate the momentum-space Green function G, (p1,p2, k).
Substituting the Fourier representations of the functions G and D in
(1.108) we obtain

4 4 4
Gularg,w2im) = [ WD(@G(WG(M)

% /d4xe—ik(m3—m) (e—im(m—x)ie—ipl(ﬂﬁ—xl)

Oz,
(1.111)
The expression in parentheses is equal to
—i(p1y + pQM)e—im(w—x)e—ipl(90—961) )
Integrating over x we arrive at
d4p1d4p2d4k‘
G , T2; =— / ———=—D(k)G G
M(x?’ T2 1’1) [(27’(’)41]3 ( ) (pl) (pZ)
X i(pru o) (2m)*8(p1 —pa — k) Pror T paraikS,
(1.112)

Finally, comparing (1.110) and (1.112) we derive

Gu(p1,p2, k) = —(2m)"i6(p1 — p2 — k) (1 + p2u) ¥ G(p1) G(p2) D(k).
(1.113)



1.10 Momentum representation o7

The corresponding diagram is

b1 b2

where the lines correspond to the Green functions G(p1), G(p2), D(k), the
vertex I', corresponds to —iy(p1,+p2,), and the factor (27)28(p1 —pa—k)
is due to the energy—momentum conservation. Thus we see that the rules
which connect graphs and amplitudes in momentum space are simpler
than in coordinate space.

This particular diagram describes the ‘decay’ of a meson with momen-
tum p; into a photon with momentum k and a meson with momentum
p2 = p1 — k. In this process the four-momenta are off the mass shell:
p3 # p? +m? and/or k3 # k2. Such processes cannot occur for real
particles and are called virtual processes.

1.10.2 Meson—meson scattering via photon exchange

Consider now meson—meson scattering

X X
x1 . 1 xh
+
X9 x'/ x'z T2 x" :Cll
d*prd*pad*p) d*ph
G(l’l27.%'/1;1'2,1'1) :/ [(27’(’)41]4 G(p/17p/2ap17p2)

. . o
« e—zplxl—2p2$2+2p1m1+1p’2x’2.

We can also draw the Feynman diagrams in momentum space. For ex-
ample, for the first diagram we have

1 y(py +ph) P

P2 V(D2 + Db Dh
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In order to obtain the momentum-space Green function we proceed as
above. We write G(z4, ]; x2, 1) in the form (1.109), and substitute all
free Green functions by their Fourier representations. The resulting for-
mula is of the type of (1.111). Momentum variables originating from the
Fourier transforms correspond to each Green function. In the vertices
the differentiations give —ivy(p1, +p},) and —iy(pa, +p5,). The integra-
tions over x and ' lead to (2m)4(p1 + k — p}), (2m)26(p2 — k — ph), i.e.
to momentum conservation at each of the vertices. There is one extra
integration over k as compared to (1.113). Hence,

. d*k / /
Gy, Ph; p1,p2) = /W D(k) G(p1) G(p2) G(p1) G(p2) (1.114)

X (1 + P u(p2 + P (27) i (pr+k—p)) (2m)"i0(p2—k—p)).
The expression (1.114) contains an integration over the momentum k of

the intermediate photon.

1.10.8 Feynman rules

Similarly, we can formulate the rules for constructing the amplitudes cor-
responding to arbitrary diagrams in momentum space.

(1) A multiplicative factor (a Green function) corresponds to each line:

p

G(p)

/'\/\/\k/\/\/\
D (k)

(2) A factor —(2m)*i(p1 —p2—k)y(p1+p2),, corresponds to each vertex:

i

b1 P2

(3) One has to integrate over the momenta of the intermediate par-
ticles (with the weight d*k/(27)%*i), i.e. over the momenta which
correspond to the internal lines.

Let us return to the expression (1.114) for the two-particle scattering
amplitude. The J-function takes care of the momentum integration on the
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right-hand side. We also have to take into account the second diagram
which in momentum space has the form

/

b1 %)

P2 D1
As a result the total amplitude can be written as
G(ph, pisp2,p1) = (2m)*i6(p1 + p2 — pi — )G (p1)G(p2) G(p}) G (Ph)
o [(P14P)u(P2+pd)u | (P14P5)u(Pa+p1)n (1.115)
(p2 — p})? (p2 — p})? ’
where the d-function reflects the energy—momentum conservation in the
scattering process.

1.11 Amplitudes of physical processes
Let us assume that at time ¢; a particle is described by the wave function¥
e*l'pfl‘

(Pp(x) - \/ﬁ .

Then, at another moment in time it will be described by the function

(1.116)

>

.
V(y1) = /G(y1 — 1) e ep(a1) P21, (1.117)

where

Gy —x1) = :
I (21

A virtual process can occur in which this particle would decay into two:

Y2

71 \ = G(y2,y3:71) -

Y3

¥ For simplicity we shall consider the case when there exists only one species of particles.
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In this case the wave function of the system will be

«—

.0
U(y2,y3) = /G(y2,y3;x1) Z—awm op (1) Ay . (1.118)

As already explained, the probability of finding just one particle anywhere
in space is
/Lp*(m) i-2 W) d = P
8.%'0

In the presence of an interaction this probability is less than one since
there are certain probabilities P», P3 etc. to find two or more particles,
for example

.0

7

U dBr d3xs . 1.119
D710 0720 (3617962) T1a T2 ( )

o= [ o, @)p(a2) i

According to the orthogonality condition (1.56), the probability ampli-
tude for a transition of a particle with momentum p; into a state with
momentum ps is

— < >

X .0 ¥ .0 .0
/s0p2(y)za—y0\11(y)d3y = /Sppz(y)la—yoG(y—ﬂf)la—%@pl (v)d>zdy.
(1.120)

The probability amplitude for the decay of this particle into two particles
with momenta po and pg is as follows:

N I
(P2, P3|P1) —/sﬁpg(yz)@pg(ys)zayzozaysoG(y:s,yz,m) L121)

. 0
X za—xoappl (z1) dr1d3ysdiys .

Hence, we can define a matrix U which transforms an initial one-particle
state p(x1) at time ¢ into all possible states at to, i.e.

U(y1) p(z1)
U (y2,y3) 0
¥ (4,5, Ys) =U| o : (1.122)
yio=t2 ’ t1

In the limit t; — —o0, t9 — +00 only the matrix element U;; does not
vanish since the decay of a physical particle is forbidden by conservation
laws.
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1.11.1 The unitarity condition

If at the initial moment there were two particles, ¢(z1,x2), then, in anal-
ogy with (1.122),

U(y1) 0
U (y2,y3) o(z1,22)
P (Y4, Y5 Vo) =U 0 : (1.123)
yio=t2 ' Ti0=t1

In this case there are many possible processes in the limit t; — —oo,
tos — +00, because two particles can create new particles and scatter as
well. The only requirement is that the total probability of all processes
has to be unity. Hence it follows that the operator U must be unitary,
i.e.

Ut (ta, t1) Ul(ta,t1) = 1. (1.124)
Since we consider the case when the coupling constant is small, v < 1,
the matrix U must be very close to unity, i.e. it is natural to write it in
the form

U=T+iV. (1.125)
The relation (1.124) gives —iV+t +iV = O(y?) < |V], or
Vi~Vv., (1.126)

This means that the term in U which is induced by the interaction has
to be imaginary. (Recall that we had —¢V in our Feynman rules for non-
relativistic quantum mechanics. Note also that there is a factor 7 in the
photon emission vertex I';, = —iy(p1 + p2),. We can expect, therefore,
that v will turn out to be real.)

1.11.2 S-matriz

We define the scattering matrix S, or simply S-matrix, as the limit ¢; —
—00, t2 - +OO7
S = lim U(tg, tl) . (1127)

t1——00,tg—00
The probability amplitudes for different processes can be calculated sim-
ilarly to (1.120) and (1.121). For example, for a scattering process (two
particles — two particles) we have

= * * _— —G .
S(p37p4‘p17p2) /@pg(yl)@pzl(yQ)ZayQOZaylo (y27y171'2,x1)

> “—

.0
1o Birag PP (21)Pp, (x2) w1 d°w2d>y1dPys .

X 1
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There is a more transparent method of calculation. The Green func-
tion for a process with a given number of particles before and after the
interaction can be represented by the diagram

An arbitrary process can be drawn like this, where the bubble stands for
all possible intermediate states.

The only difference between this diagram and the diagrams for the
Green functions we have discussed above is that now

T;0 — —00, i.e. xgo — x;0 > 0,

yio — +00, i.e. i — Yo > 0. (1.128)

These conditions allow us to simplify the free Green functions for the
external lines. Indeed, (1.128) determines unambiguously how to close
the contours in the integrals. For example

Gy

)

d*py em1wi—v) /d3p1 e~ P1(v1—v1)

— )l vi0=¥10>0 | (27m)4i m2 — p? — e Ey

(1.129)

where E1 = /p? +m?2, i.e. the particle is real. On the other hand, using
(1.95) the expression (1.129) can be written as

Gy — ) = / é p)lg ©p, (V1) py (Y1) - (1.130)

Hence, an arbitrary Green function x;0 — —o0, y;0 — |00 can be repre-
sented in the form

GY1,Y2, - Yni ®1, T2, ... Tyy)

3 3 3
/%Sﬁm (1) ¢py, (y")/%%q (x1) ... o, (Tm)

/d4 Lo drynen (1) e, (Uh) /d4w'1---d4win<pk1(x’1)---<ﬁkm(xéb)

X Syl Y@, xl).
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Thus, the Green function is a superposition of plane waves,

G(ylay27' yn;xla‘%?a' )

d*p; o
H / o) = 0py yz

) . S(pl,. . .pn;/{)l, N km)

The weight of this superposition is just the transition amplitude between
the initial and final states with given momenta

S1,.. . pnskr, .. k)

=1 [ s ot H/dwk Sl vhiths ).

(1.131)

From (1.131) it becomes clear that the transition amplitude for a scat-
tering process can be calculated in the same way as the Green function.
The only difference is that now the external lines correspond to the wave
functions rather than to the free Green functions.

Let us obtain the matrix elements for the scattering processes which

we considered above,
5:5(0)_,_5(1)4_...’

where

l‘l 'Il ﬂjl 332

S©0) +

1’2 1’2 .%'2 .%'1

In the zero order in « (no interaction) everything is simple and for the
sum of the two diagrams we have

SO =5(p1 — p})(p2 — ph) + 3(p1 — P5)d(p2 — ).

The next order contribution is given by the processes with photon ex-
change:

4! V4 4! P2

SW =g 4 5 E + E

/ /

P2 V%) p2 Y41

Let us calculate the first diagram according to our graphical rules:

S (v, s ', @) = 6(yy — 21)8(y — 25) D(y — 2T (@)L ().



64 1 Particles and their interactions

!,/

T 1Y U1
ro7

T2 ToYs Y2

Then

S((ll)(p/17p,27plap2):/d4$/1d41'/2 D(xé _ 1-/1)

iplazl o e —ip1x] zp’Qac’2 5 e —ipaxh
/2El &clu V2E; /2El &rm

L, . , 4 ik(xh—2")
:WQ/d4x'1d4x'ge’(pl_pl)$1el(pfp?)%/(;W;zie k22 i

o [Fi0 4 1)) [Zils + p2)]
V2B 2B /2B - 2E}

4
B 72/ (275)%(%)46@’1 — 1+ k)T — po — k)

o 0L+ Pl [=i(05 +p2)]
V2B 2B, - 2} - 21

2 (2m)4i0(p) — 1+ ph — p2) [ (1 + D) (P2 +Ph)y
V21 - 25 - 2E] - 21} (Ph — p2)?

Similarly, we calculate the contribution Sél) of the second graph. The
resulting expression is

2
SM = (2m)%i6(p1 + pa — Py — ph) i
V21 2B 2, 2}
(p1 + P1)u(p2 +P2)u N (p1 + p2)u(p2 + 1)y
(p2 — ph)? (P} — p2)?

(1.132)

Compare now (1.132) with (1.114) for the Green function. The difference
between them is that, while in (1.114) free Green functions correspond
to the external lines, in (1.132) it is the factor 1/v/2E which corresponds
to each external line. This is why it is convenient to pull out the factors
1/v/2E from the matrix elements of the S-matrix.
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1.11.8 Invariant scattering amplitude

Let us introduce the invariant scattering amplitude T' via

n
S - phipr,p2) =1+ (2m)%is <P1 +p2 — ZPQ)

i=1

1 1

X T, ...,0L:p1,p2).

\/m\/ml?[ \/TE’; (pl Pns D1 p2)
(1.133)
It is similar to the non-relativistic amplitude (1.37) we have derived above.
For the sake of simplicity, we considered in (1.133) only the transition
of two particles with momenta p;, ps into n particles with momenta

py,...,pl,. The probability of such a transition is

> d&pi...d%,

. (1.134
2E1 2E2 (27‘1’)3" 2Ei e QE’,/1 ( )

n 2
dW = | (2m)*5(p1 + p2 — Zpé)l
i=1
To deal with the square of the delta-function we use the relations
6(2)] = 8(2)6(0),  and (2m)6(0) = / Az e, g = VT,

where V' is the total volume of the three-dimensional space and T' is the
total time interval for the process. One of the d-functions in (1.134) is
cancelled in the transition probability per unit volume and per unit time,
which thus becomes

dW " 1
dw = —— = (2m)%6 — N~
w= T = (2m) (1 + p2 ;pz)wl‘w2
i= o (1.135)
d’py...d°p),

om)3n2E! . 2K,

X |T(pl, . .. Psp1,p2)| (

1.11.4 Cross section
We are usually interested in the cross section do
dw 1 -
do =2 _ 27)4s Sy
O = = imE 2 (m +p2 izlpz>
2 d3py ... d%pl, 1
(2m)3n  2E;...2E!’

(1.136)

x |T(pl, . ..phip1,p2)

where j is the flux of particles. The expression

/ d3ph ... d3pl,
(2m)3n 2E] ... 2E),
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is called the invariant phase volume. (We met a similar expression when
we calculated the Green functions.) Its relativistic invariance can be seen
directly from comparison with (1.84) and (1.85).

For calculation of total cross sections the phase volume in (1.136) has
to be divided by an additional factor n! in the case of identical particles
to avoid multiple counting of the identical configurations.

Let us determine the relative flux of the two colliding particles in the
reference frame where their momenta are anti-collinear. Using the expres-
sion for the one-particle flux (the expression under the div operator on
the right-hand side of (1.93)), we obtain

. _ P11 p2 By~ Eipy

— 1.137
Ey B E1Ey ’ ( )

where p1, po are projections of the three-momenta on the collision axis.
The numerator in (1.137) is invariant under boosts along the collision
axis. It is called the invariant flux 7,

j = 4E1E2] = 4(p1E2 - E1p2) . (1138)

In the laboratory frame (say, po = 0) we have

J = 4mpL )
where py, is the momentum of the projectile, and m is the mass of the
particle. In the centre-of-mass frame, where p; = —po, |p1| = |P2| = pe,
J =4p.E., E.=F1+ Fs. (1.139)

Hence, the cross section (1.136) of the process

may be written in an explicitly Lorentz invariant form.

1.11.5 2 — 2 scattering
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Mandelstam variables. Let us now consider the case of 2 — 2 scattering

P1 / Py
\

D2 Plz

in detail. To describe such a process, it is convenient to introduce the
invariant Mandelstam variables s, ¢t and u:

s = (p +P2)2 = (p} +p12)2,
= (01 —p)* = (p2 — )%, (1.140)
u = (p1—ph)?=(p2—p))°.

In the case of elastic scattering of particles with equal masses the Man-
delstam variables have an especially simple interpretation in the centre-
of-mass frame:

s (p1o + p20)? = E?,
t = —(p1-p1)’=-4a, (1.141)
u = —(p1—p2)’.

We see that s is the total energy squared in the c.m. frame, ¢ is the
momentum transfer squared between particles 1’ and 1, and u is the
momentum transfer squared between particles 2’ and 1. The Mandelstam
variables are not independent: they satisfy the relation

s+t +u=4m?>. (1.142)
Indeed,
s+t+tu = pi+po+pl+pF +2p1 + 2pipe — 2p1p) — 2p1ph
4m® + 2p1(p1 + p2 — Py — py) = 4m”® .
For particles with different masses the corresponding relation reads

s+t+u=S71,ml.

FElastic scattering cross section. Now, with the help of (1.136), we are
ready to write an expression for the elastic cross section. Let us go to the
centre-of-mass frame where J = 4p.E. (see (1.139)). Then,

1
4p.E.

d*phd®ph

d 2P
7 AR B} (2m)8

T (27)*8(py + p2 — Py — Ph)
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Integrating over ph, we get

d L \rps(E, - 28)) iy
o= — —
4p.E, ¢ V4ER2 (2m)2

where we have used E = Ej. In spherical coordinates d>p} can be written

as
d*py = pf dp} d92,

i.e.

1 P dpy dQ
do = T*6(E, — 2B})) 25—
7 4chc‘ "o 1)4E%(27r)2
Since p}? = E/? — m2, we have pdp, = E,dE/. Hence,
1 e B dEdQ)
do = TP?6(E, — 2B)) —=L 1
7 4chc‘ o ) AER (27)?
1 dE"dS)
= —|T]*(E, —2E)———.
g/ TIo(Ee 1)4E;(27r)2

After integration over the energy Ej, and using the relations 4F] = 2E,
and [dE{§(E. —2F}]) = 1/2, we finally obtain

= ——F . 1.14
= oz e 1| (1.143)
In terms of the Mandelstam variables (1.143) is
T 2
do = Q. 1.144
7 ’877\/5 ( )

1.11.6 w1 Sscattering

Let us now return to the Coulomb scattering 71~ 7. In the lowest order
this process is described by the diagrams

p1 P p1 Py

hd / /

P2 P2 b2 P

Comparing (1.133) and (1.132), it is easy to write the invariant scattering
amplitude

o [(p1 +P1)u(p2 +p5)u

(p1 4+ 05) (P2 + P1)u
(P — p1)?

(P} — p2)?

T(ph, p; p2,p1) = +

(1.145)
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First, we express the numerators in the brackets in terms of invariant
variables. Calculation of the first numerator can be simplified by intro-
ducing the u-channel momentum transfer r = p; — ph = —pa +p}, 72 = u.
Then we have

(p1 +P/1)M(P2 +P/2)u =P14+p2+r)ulpr+p2—7)y=5—u.
Similarly, the second numerator gives s —t. As a result,

s—u s—t}
t u |

T =~ [ (1.146)
Expression (1.146) contains only one unknown constant v2, which can be
determined from scattering experiments. However, there is no need to
carry out experiments for this purpose, since in the region of small mo-
menta (1.146) should coincide with the well-known non-relativistic for-
mula for Coulomb scattering.

Non-relativistic limit. To obtain the non-relativistic approximation we
consider again the centre-of-mass reference frame, where

P1 = —P2; p/1 = —Plz,
P10 = P20 = P’m = P’zo >
and
s = (pio+p2)—(p1+ P2) = (p1o + p20)* = EZ;
= (plo — p10)? (Pl ) = —Ip1/> = [p"1]* + 2|p1||p',| cos 6
= —2p2(1 —cosf) = q=p;—P1;
u = —2pi(1+cosf) = qd =p)—pi1-

In the non-relativistic limit s = Ec2 ~ 4m?, the momentum transfer in-
variants are relatively small, |¢|, |u] < s, and (1.146) becomes

1 1
~ 24,2
T ~ —~v*4m [@ + E} . (1.147)
On the other hand, in non-relativistic quantum mechanics the scatter-
ing amplitude f in the Born approximation has the form (compare with

(1.38))

2 .
f — _ﬁ e*quU(r)dB'?“ + fexchange I

where = m/2 is the reduced mass. In the Heaviside units, the Coulomb
potential has the form
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and consequently,

m€2

= T 75 exchange - 1.148
f A qg + f hang ( )

The exchange terms in (1.147) and (1.148) can be neglected for small
scattering angles 6 < 1.

Now we are in a position to establish the connection between T and
the non-relativistic amplitude f. In terms of f, the cross section is

do = |f]*dQ.

Comparing this expression with (1.144) we establish the relative normal-
ization of the amplitudes,

T T

~

8my/s  16mm

f= (1.149)

Inserting the values f (1.148) and 7' (1.147) into (1.149), we can now
determine the constant ~?:

1 4
_mo2 2 2 m
2r g2
which leads to

72 = ¢, (1.150)

In our units e?/4r = 1/137 < 1. Thus, indeed, with high accuracy it is
sufficient to consider only the simplest processes.

7T invariant scattering amplitude. Substituting 72 = € in (1.146), we
obtain the scattering amplitude T for arbitrary energies. In the centre-
of-mass frame it takes the form

) 3+cos«9+2pﬂ22 3—(:086’4-2[%2

1—cosf + 1+ cosé@

T=—¢ (1.151)

Note that in the ultra-relativistic limit, |p| > m, the amplitude depends
only on the centre-of-mass scattering angle and not on the momentum of
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the projectile. The angular dependence of T is as follows:

T
A

| |
! !
| |
| |
| |
| |
| |
| |
| |
| |
| |
| |
| |
| |
| |
| |
| |
| |
| |
| |
! !
| |
Il Il

= cosf
-1 0 1

To summarize, we have shown that the coupling constant for the inter-
action of charged spinless particles with the electromagnetic field coincides
with the charge of these particles, i.e. 2 = e?. In addition, we have ob-
tained the expression (1.151) for the invariant 7w~ 7t~ (or 7wH7tt) scattering

amplitude in the first order in e?.

1.11.7 wrm scattering

Now we turn to w771~ scattering:

™ s

7t ot

Let us recall the logic which led us to introducing 7™ as an antiparti-
cle to m~. In the coordinate representation, the lowest order diagrams
describing scattering of identical charged particles were

x1 x @) x1 x @)

H\
X
5

o €2

8
8
—
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In the limit z19, 220 — —00, T, 25y — +00 we derived from these dia-
grams the w7t~ (or T th) scattering amplitude.

Calculating the amplitude under the conditions x1g,xh, — —oo and

x99, 2}y — 00, we had to replace the interaction graph ;J:J
/

) x Ty

by 2 @’ . Then charge conservation required the following
T

interpretation: a particle (™) propagate from zo to 2’ while the object

propagating from z to x’ is its antiparticle with the opposite charge (7t").

We introduced the arrows to distinguish particles and antiparticles, and

to remember in which direction one has to differentiate with the plus and

in which direction with the minus sign.

As a result, the diagrams acquire the form

and describe m~ 7t scattering. Two comments are in order. The first
of the two diagrams describing - 7" scattering differs in sign from the
first diagram in the w7t~ case. Indeed, comparing the two graphs (with
the same values of the initial and the same values of final coordinates)
we observe that the only difference between them is the direction of the
bottom line. This results in the change of sign, since the vertex operator

0, differentiates the line with incoming arrow with plus, and the outgoing
one with minus sign.

We also remark that because 77~ and 7t are not identical objects, there
is no diagram with a simple interchange of the final particles as in the
7t~ case. We have instead the second 7~ 7t™ graph which is essentially
different from those corresponding to the virtual photon exchange be-
tween identical particles: it describes the annihilation of two mesons with
subsequent creation of two mesons, i.e. a process which goes through a
one-photon intermediate state.

Let us find the amplitude corresponding to the first diagram. With the
top line we proceed as before, representing the Green functions in terms
of the wave functions of real m~ states. For example, for the final state
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7T~ we write

d4p/ e~ (2] —2) d3p/ .
G(x'l—x):/( L :/ =Wy (2) W (2) . (1.152)

2m)4i m?2 — pi? (2m)3 P

We can proceed similarly with the bottom line. For the outgoing i, in
particular, we can write

G N [ L5y U, (o 1.153
(2 =) = [ GE5 Wy ) Wy (0. (1.153)
where .
e~ Py T
o ) = o pso = \/m? + p3”

We do the same for all external particles.

Since the direction of the bottom line is reversed, the photon emission
vertex expressed in terms of 7+ momenta, oc (p3 +p3”), has the opposite
sign as compared with the corresponding expression describing the top 7t~
line, o< (p} + p1). The necessity to keep in mind the sign of the differenti-
ation is rather inconvenient. Instead, one can write the amplitude for the
717~ scattering, and close the loop around the pole in the correspond-
ing Green function in accordance with the conditions x1g, 25, — —o0,
x99, Ty — +00. In this case we have for the bottom line Green function

d4p2 e_ip2($/_$2)

)

G2 —x9) = /

(2m)4i m2 — p2 — ic

except that here the contour has to be closed around the negative-energy

pole pog = —1/p3 + m?, in the upper half-plane. Then,

d3p2 ; 2 2 (! . ’
G 1_/ —x) = /7 ez\/p2+m (x5 —r20)+ip2 (X’ —X2)
( 2) (27)32 |pao|
d3P2 *
= /W‘I’pz(ﬁﬂz)‘l’_m(ﬂ?')a

where we used that the substitution of ps by —po does not change the
result. Here

(1.154)

eipzx
V_p,(2) = —F=—, = - 24+ m2.
pa () 3Pl P20 \V P2

The expressions (1.154) and (1.153) are identical and describe the propa-
gation of a positive-energy 7t with four-momentum py = —py from 2’ to
xg (x{ < x20). There is, however, an alternative way to represent (1.154).
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Observing that permutation of coordinates is equivalent to changing sign
of the four-momentum, we may write

3 3
Gl = a2) = [ G Wyl ¥, () = [ B W) Wy, (00).

We see that the propagation of the 7t -meson from z’ to x9 can be de-
scribed either in terms of \I!p+ where pJ = —py is a momentum corre-
2

sponding to positive energy, or in terms of the wave function V¥, of the
7" -meson with a negative energy, (p2o < 0), propagating from xs to z’.
This observation leads to the Feynman interpretation of an antiparticle
as a negative energy particle which propagates backwards in time.

Given that the substitution pJ = —po turns the propagator of the -
meson moving from x5 to 2’ into the propagator of the mr-meson which
moves from z’ to zo, we can get the ™7~ scattering amplitude from the
7~ 7~ amplitude simply via substitutions of momenta.

Consider the process m~ (p1) + 7H(pg) — 7 (p}) + 7w (ph"), which,
as we know, is described by the sum of the scattering and annihilation
diagrams (see page 72),

T P1 / n
\ n §= (]95L +p1)?
t=(py —m)?
- T u=(pf —p)’
nt Do D2 th

To obtain the corresponding amplitude we take the invariant 71~ 7t~ scat-
tering amplitude (1.145),

P14 PD)u(P2 + Ph)u N (p1 + po)u(p2 + P

T(ph, pl;pa, p1) = €2 [(

(p1 —p})? (p1 — p2)? ’
and make the substitution
ps = —ph, Dy =—pa2, (1.155)

which turns one of the initial (final) 77~ -mesons into the final (initial) 7.
This gives us the scattering amplitude for =7
T(p5", pisp3 1)
o | 1+ 003 +95)u | (P =P )Py —p3)u
€ /)2 / +\2
(p1 —ph) (P1 +p3)

A calculation similar to (1.146) leads to the following expression in terms
of the Mandelstam variables s, ¢, u:

o[ s—u u—t}

T7_[+7_[, = € — t s (1.156)
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Actually, we do not even need to perform this calculation from scratch. All
we need to do is to find how s, ¢ and u defined in (1.140) are transformed
under (1.155):

Su—m— 7 Up—qt tﬂ*ﬂ* - tﬂ*ﬂ* sy Up—qm— = Syt -

Next we just substitute the transformed variables into the final expression
(1.146) for the invariant scattering amplitude describing 7t~ 7t~ scattering
and, lo and behold, what we have really obtained is (1.156).

We will study amplitudes of the type (1.156) in the case of electron
scattering in more detail in Section 2.5.

1.12 The Mandelstam plane

Now let us discuss the connection between amplitudes in a more general
way for the case of two charged particles, for example the elastic scattering
T — .

p1 p/1

D2 P2

As we mentioned before, the Mandelstam variables are Lorentz invariant
and satisfy the condition

s+t+u=4m?. (1.157)

This relation can easily be visualised with the help of the Mandelstam
plane in Fig. 1.12 where each point corresponds to given values of the
Mandelstam variables s, t, u satisfying (1.157). Here we use the fact that
the sum of the altitudes of an equilateral triangle does not depend on the
position of a point. (The extended sides of an equilateral triangle play
the role of the coordinate axes, and the altitudes are counted with sign;
the arrows in Fig. 1.12 mark the positive directions.)
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Fig. 1.12

Let us find the physical region of the reaction -7t~ in the Mandelstam
plane. In the centre-of-mass frame we have p. = |p1| = |p2| = |P}| = |Pa|
and therefore

s= 4(m? +p?) >4m?,

t=—2p*(1 —cosh) <0,

u=—2p2(1+4cosf) <0,

where 6 is the centre-of-mass scattering angle. Hence, the allowed values
of the Mandelstam variables for m~ 7~ scattering lie in the shaded region
s>4m? t <0, u <0in Fig. 1.13. For obvious reasons this region is
called the physical region of the s-channel.
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The bold lines in Fig. 1.13 mark the small-t region corresponding to for-
ward scattering and the small-u region which corresponds to backward
scattering. (Also shown in Fig. 1.13 are the straight lines passing paral-
lel to the sides of the triangle through its vertices with the coordinates
(s=4m?t=u=0), (t=4m? s=u=0), and (u =4m? s =t =0).)

In general one has three non-overlapping regions in the Mandelstam
plane which correspond to three different channels as shown in Fig. 1.14.
The shaded region u > 4m?, s <0, t < 0 is called the u-channel, and the
shaded region ¢t > 4m?, u <0, s <0 is called the t-channel.

t-channel

\
\
\

/
/
/
\ / t — 0
\ /
) \/ \ /
u-chan N ) s-channel
\ /
\ /
N
\ u =0

/
/\ — 2
S/ u=4m

Fig. 1.14

Consider, for example, what physical process corresponds to the u-
channel region. Make the substitution p} = —pf; p1 = —p'fL in the
amplitude of the process
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Here pg > 0, i.e. we analytically continue the original amplitude into the
negative-frequency region. The diagram can then be represented as

/

Dy p1
pz/ \\ )

However, as has already been explained, this diagram describes the w7~
scattering process with physical 7tH-momenta pi" = —pl, p'1+ = —p1, and
in this case the original variables s, ¢, u become

s = (p2—pi")?%
t = (p2 - pl2)25
u = (pii_ +p2)27

i.e. u > 4m?; s,t < 0. Hence, when we consider the process
4 st 4

instead of
T +7T —7m 47T,
our Mandelstam variables change, and we go from the s-channel region to
the u-channel region. By doing so, we have in fact analytically continued
the scattering amplitude T from the s-channel to the u-channel, where
it describes a different process. This is the essence of how we obtained
(1.156) from (1.146).
Indeed, our original amplitude was
T 2 [s—u_i_s—t]7
t U

and it was defined in the region s > 4m?; t,u < 0. If now we look upon
u = 4(p? + m?) = § as the ‘energy’ (whose role was played by s before),
and ¢ and s as the ‘momentum transfer’ variables,

t=—2p*(1 —cosh), s=—2p2(1+cosb) =1,

then

T [a—g ﬁ—t]
T T

t s
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This is just the expression for the mrn~ scattering amplitude we had
earlier.

Thus, there are two ways of connecting the amplitudes for scattering
of particles and of antiparticles. Either we calculate the amplitudes and
consider different positive-frequency and negative-frequency momenta, or
we fix the variables s, ¢ and u in a definite process and consider their
different values afterwards.

Let us discuss one more example:

/

Dy p1
pz/ \\ )

Looking at the graph ‘from the top’, we have p; and p) representing

particles, and pj = —p{’ and py = —p3 antiparticles. From this point of
view,

s = (m—pf),

u = (p1—ph)?,

t = (pm+pl),

i.e. we are now in the physical region of the ¢-channel, which corresponds
to the reaction 7wt (p]”’) +m (p1) — 7 (p3) + 7w (ph).

Hence, we obtained the following important result: an amplitude de-
scribes not one process, but a whole class of processes. Namely,

VI G, au Y in the s-channel;
nt+n >t 4+ in the u-channel;
nt+n - n +nt in the t-channel.

Finally, note that the decay of the 7=-meson into three 7-mesons is for-
bidden by energy—momentum conservation, i.e. it lies in the non-physical
region. However, if we increase the mass of one of the particles, the same
amplitude will also describe the decay process. The physical region of the
decay process is located inside the triangle in the Mandelstam plane.
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1.13 The Compton effect (for m-mesons)

The simplest diagrams which describe photon scattering off the 7-meson
are

ki koo
+
p1 D2
The wave function of the meson is
e—ipx

V2o’

that of the photon

—ikx

NG
e, (k .

()%8
We have obtained these from the transition amplitudes in the limit ¢ — oo.
Further, we have for the photon

d4k: e—ika: dgk‘ e—ikx
D v == v T 4. 5 — UTYu 7a. N2 a1 0
Iz (JU) [ /(27‘()42 2 ( m )/ (27()3 2ko

3

_ A A%

G = Zeuel/'
A=0

The polarization vectors ef; and e} were associated with different wave
functions. Similarly to the case of 77t scattering, the amplitudes corre-
sponding to the first two diagrams can be written immediately. Denoting
by M Ao, the amplitude which corresponds to the third graph, we obtain

2
Ao * €

Y om? = (patka)?
2

e
+(patpr—k e ——
(P2tpa=ki)uey m?—(pa—k1)?

Ty = (P2 + P2 + k2)e (p1+p1 —Hﬂ)ue,))l

(1.158)
(pl +p1 _kQ)Vel)/\Q* + M>\2>\1'
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Let us now extract the factor 632*6;);1 from (1.158) and call the remaining
tensor M,,, i.e.

Try = €37 ep" My (1.159)
As shown in Section 1.8, the conditions

k1 My, =0, Ky M,, =0 (1.160)

have to be satisfied to avoid the production of longitudinally polarized
photons. For k? # 0, there are three vectors orthogonal to Ey: ef;k:u =0
(A =1,2,3), namely:

I3

’ _\/? 0
ko

o) — e —

OO = O
O = OO

For A = 0 we have e&o) o ky, (see Section 1.3). We here use the notation

(0)

with z the direction of the photon momentum k. Since e, is proportional
to k,, the terms with the scalar polarization vector e do not make any
contribution in (1.159) if (1.160) is satisfied. For real photons (k? = 0)
the terms with the longitudinal polarization ¢(® also vanish. Thus, scalar
and longitudinal photons do not contribute to the physical processes if
the condition (1.160) is fulfilled.

The tensor M, has the following form:

o [(2p2+k2)y(2p1+FE1), . (2p2—k1)u(2p1—k2),
+
—2 paks 2 poky

My, =e +Mvu-

Let us calculate kg, M,,, taking into account that p; + k1 = p2 + k2 and,
hence, 2po k1 = 2p1ks:
koy My, = €*[—(2p1 + k1), + (202 — k1)) + koM, .
Since py — p1 — k1 = —ko, we arrive at
koy M, = —2¢%koy, + koy M,

We conclude that (1.160) can be satisfied, i.e. the current can be con-

served, only if the term corresponding to contact interactions is intro-
duced.
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The simplest guess for the contact interaction is to take
M, = 2¢*g,,. (1.161)

This choice gives us an amplitude for which the current is conserved and
which does not allow scalar and longitudinal photons to participate in the
interaction.

We can now calculate T, using the contact interaction introduced
in (1.161). Taking advantage of relativistic invariance of the amplitude
(1.158), we simplify the calculation by working in the rest frame of the
initial electron:

pio=m, p1=0.

We have to calculate the amplitude (1.158) for the two physical polar-
ization vectors orthogonal to k,. Hence, all terms in (1.158) which are
proportional to k1, or ko, do not contribute. Moreover, since these two
physical polarization vectors have only space components and the vector
p1 has only a time component in our reference frame, the first two terms
on the right-hand side of (1.158) vanish, and only the contact (seagull)
term gives a non-zero contribution to the amplitude. Thus,

Try = e,)/‘Q*ef;lgW - 2€2,
ie.
Try = 262 (eAQ*(kg) eM (kl)) .
In the case of small-angle scattering, ky /|k1| ~ ka/|ka|, we simply obtain

2
TTE’Y = —2e¢ (5)\17)\2.

Let us investigate the connection with the usual non-relativistic scattering
amplitude. As we have seen above in (1.149),

T e2
f= m = —m. (1.162)

In the limit of small photon frequency, k — 0, we have /s — m, i.e.

62 6/2

f:_ = T

4dmm m

which coincides with the expression for the classical non-relativistic Thom-
son scattering amplitude, with e’ the usual (non-Heaviside) charge.

Now consider our amplitude from the point of view of different channels.
The replacement

ky = —ki,
by = —kf
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means that we go to the u-channel. Such a substitution interchanges only
the v quanta, and, since they are neutral, the amplitude in the u-channel
turns out to be the same as in the s-channel. The substitution

P2 = _pg—a
ki o= —kf

leads to a new process, namely, to the two-photon annihilation of two
mesons 7t and 7. It corresponds to the transition into the t-channel
region.

The symmetry of the amplitude with respect to the dashed line in the
Mandelstam plane reflects the neutrality of the photon.

b1 ]{?f_ = —kl

\j

A

—p2 ko

So far, we have learned how to calculate the amplitudes of different
processes with the help of the Feynman diagrams. Let us see whether we
can directly calculate cross sections from the diagrams. We have already
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written the cross section for the process

p1 D3

/
I

b2 Y2

d*ps d®py 1
23 2By (2m)8
Using the simple relation which is valid for the integrands,

1
do = ?|Tab|2(277)46(p1 +p2 — p3 — pa)

d*p3
B d'p3 6(p3 —m3) 0(pso) = d'ps 6, (p3 —m3),
we can cast the cross section in the following form:
1 d'psd'py ..
do = 7Tab <04 (p3 —m3)04 (pf — mi)w Ty o (sz) . (1.163)

This means that the cross section is described by the diagram

P1 b3 P1

\ /

b2 P4 b2

which has to be calculated by our usual rules except that the lines with
crosses correspond now to the d-functions instead of the Green functions.
This is quite natural because the intermediate states in the case of the

cross section correspond to real particles for which psg = /m3 + p2 and

pao = /™3 + Pi.

Note in passing that this result could also be derived from the repre-

sentation of the Green function in the form

1 1
Here the symbol P stands for the integration in the sense of the principal
value.

The form (1.163) is convenient since it allows us to continue the cross
section from one channel to the other (provided that during this process
the amplitude 7" will not acquire an imaginary part). We will discuss this
analytic continuation later in Section 3.3.
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2
Particles with spin ;. Basic quantum

electrodynamic processes

. . . 1
2.1 Free particles with spin 3

A spin J = % particle can be described by two probability amplitudes
ox(A = 1,2) of finding a particle in a state with spin projections % and
—%, respectively. They can be written in the form (i;) Hence, the wave
function of a particle at rest is, as usual,

Wy = (“m)e—imt. (2.1)
P2

Recall that the wave function for a moving J = 0 particle was simply
e—ipz
V2po

In the present case the situation is more complicated. To obtain the
wave function of a particle with finite momentum, one has to carry out a
transformation from the rest frame to a moving reference frame. To do
this we need to know how ¢, changes under the Lorentz transformation.
In other words, we have to find a representation of the Lorentz group
acting on our two-component objects.

Lorentz transformations have the form

T} = Qipy, (2.2)

where the transformation matrix depends on six parameters: three Euler
angles 0; which parametrize spatial rotations and three components of
the relative velocity vector v; describing the transition from one inertial
reference frame to another.

Now consider the wave functions. Generally speaking, the components
of the wave function & and & transform as

& = un &y + uiaé,

85



86 2 Particles with spin 1/2

&y = ug1&1 + uby. (2.3)

Since both & and u; are complex, the matrix u;, contains eight indepen-
dent parameters.
It is easy to show that matrices with unit determinant

det(uik) = U1 U292 — UI2U2] = 1, (2.4)

also form a group. Equation (2.4) gives two independent conditions for the
real and imaginary parts, and, hence, the matrix wu;; is characterized by
six independent parameters. These parameters can be connected with the
parameters of Lorentz transformations. Thus, complex two-dimensional
matrices with unit determinant realize a representation of the Lorentz
group.

As we know, any 2 x 2 matrix can be written as a linear combination
of four matrices (a unit matrix and three Pauli matrices):

(10 /01 (0 —i /10
“\o1)%=\10)% i 0 )% o —1)

The Pauli matrices have the following properties:

[oiox] = ?iEiMUz, . ‘ (2.5)
Op0y = 10,, Oy0, =10z, 0,05 = i0y.
Note that the matrices 0;/2 have the same commutation properties as the
rotations.
We will parametrize rotations in the usual three-dimensional space by
the vector @ which is directed along the rotation axis and has a length
equal to the magnitude of the rotation angle. Under three-dimensional

rotations the wave function & = (g) transforms as
¢ = ug, (2.6)
where ) )
u=e270 = ¢39n0n (2.7)

The complex conjugate wave function £* transforms as
¢ = 67%’0;9”5*_
Transposing this relation, we get
5/*T _ S*Tef%o;fen’
or, due to the hermiticity of the Pauli matrices,

¢t = gte=zontn, (2.8)
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Here the symbol % denotes complex conjugation, T stands for transpo-
sition, 1 denotes Hermitian conjugation, and £' is a row (£5,&5). The
product

(£7¢) = &6 + &6 (2.9)

is the usual scalar product in two-dimensional space. Using (2.7) and
(2.8), it is easy to see that

(¢ = (£19). (2.10)

Thus u-matrices form a unitary two-dimensional representation of three-
dimensional rotations.
Now consider the transformation law of the three-component object

A =€log,
which after the transformation becomes
A =i

For example, under a rotation by the angle 0, around the z-axis the x
component transforms as

i

A, = ema%:0g,e37:05¢

0 0 0 0
= gT (cos UZQZ — ¢sin UZQZ> Oy <COS UZQZ + i sin U’;Z>£.

Since the expansion of cosx in a power series contains only even powers
of z, and ¢? = 1, we obtain

Similarly, it is easy to see that

0.0, .0,
=0, sin —,

2

sin

because the expansion of sin x contains only odd powers of x, and an odd
power of o, equals o,. Hence,

0 0 0 0
A’m = gT (ICOS EZ — 10, Sin Ez) <0:r Cos EZ + 10,0, Sin Ez) &

0 0 0 0 0
EZCOSEZ—FUySinEZCOSEZ — o, sin? Ez)f

= &0y cos0 + 0, sinh)E = A, cosd + Ay sin

0
= §T (ax cos? EZ + oy sin
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transforms as the z-component of a three-dimensional vector. Extending
this analysis to other components and other rotations we can demonstrate
that A; = &70,€ rotates as a usual vector in three-dimensional space. The
only difference is that in the case of space reflections it behaves as a
pseudovector, i.e. it does not change its sign.

So far we have considered the representations of the three-dimensional
rotation group. It is a three-parameter SO(3) subgroup of the Lorentz
group. We shall now construct a representation of the proper Lorentz
transformations (boosts along the z-axis).

Suppose that a reference frame moves along the z-axis with velocity v.
Then

7z’ = ———= = zcosh xy + tsinh y,

/T — 2

v (2.11)
——— = zsinh x + tcosh y,

T o2 X X
where tanh y = v. These transformations are identical to rotations by a

complex angle. Using this correspondence, we choose a two-dimensional
representation in the form

t =

u, = e2%%,

Alternatively, one could choose

Then . .
g =e27¢, T =¢le2os (2.12)

It is easy to demonstrate that A, = £fo,€ transforms as the coordinate
z in (2.11), while Ay = £7¢ plays the role of the time component of a
four-vector, and transforms as the time variable in (2.11). Indeed, from
(2.12) we get

Ay = ¢e' = eleXo=¢ = ¢¥(cosh x + o, sinh x)&
(£7¢) cosh x + (€70,€) sinh x = Agcosh x + A, sinh y .

In a similar way we can consider transformation laws for all components
(Ao, A;) under arbitrary boosts and prove that the four-component object
(Ao, A) = (£7¢,£Ta€) behaves as a four-vector under Lorentz transforma-
tions.

Hence, for the motion along an arbitrary direction n, we may write

¢ =ex(@Mg (2.13)

There is another representation of the Lorentz group given by the trans-
formations

£ = e Blomg, (2.14)
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(Objects which transform according to (2.14) are marked by dots.) This
reflects the fact that in two-dimensional complex space two inequivalent
representations of the Lorentz group are realized. The two-component
vectors ¢ in this space are called spinors. The transformation law (2.14)
corresponds to motion in the opposite direction (indeed, the replacement
X — —X leads to the change of sign of the velocity in (2.11)).

We now have two kinds of spinors, ¢ and £, which transform according
to different representations of the Lorentz group. Which one should be
chosen as the wave function of a spin % particle?

Consider a reference frame in which the particle is moving with veloc-
ity v

v=2 ;:@:coshx.
po’ V1i—-vZ m

It follows from (2.13) that

¢ = [cosh + (o - n)sinh }gpe e

_ [ /coshx—i—l /coshx—l] peire

If we accept (2.13) as the law of transformation for the wave function, we
get for the moving particle

5’2[ P 4 () pEnm]soe—w. (215)

There is, however, another possibility. We can choose the transformation
law for the wave function as in (2.14). In a sense, it corresponds to a
particle moving in the opposite direction. Then

5’:[ M _ o) w]¢e—ipx. (2.16)

2m 2m

Which of these wave functions should be used to describe spin % physical
particles has to be decided by experiment (as is the case for massless
neutrinos).
Now consider the reflection n — —n. Obviously, under this transfor-
mation )
£—¢&.
Suppose that our electron state has a ‘screw’. Such a particle can be
described by one of the wave functions &, § in a right-handed coordinate
system. The fact that this wave function will change under the transfor-
mation to a left-handed coordinate system poses no problem, since the
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particle itself contains the notion of left and right — which is exactly the
case for the neutrino.

If, on the other hand, the particle is completely symmetrical (i.e. it does
not know about left and right), then the reflection should not change any-
thing. The description in left- and right-hand reference frames should be
equivalent; there is parity conservation. Such particles could be described
by a certain superposition of £ and &. However, one then has to make
sure that the difference between ¢ and & does not enter into physical
observables.

It proves to be more convenient to introduce instead a four-component
wave function and to write it in the form

&1

) _ | &
‘”(é)‘ &
&

If all four components entered all the equations symmetrically, parity
would be automatically conserved.

A four-component form of the wave function is not imposed by nature, it
is just a convenient way to describe spin % particles (which was initiated
by the Dirac equation). Also, it is often convenient to introduce two-
component functions with definite parities:

1 .
Uy =S (E+9),
S (2.17)
Ve =5(E-9).
The explicit form of these functions is
vy = \ P02+ - pe T
m (2.18)

—m o o - +m .
\Dz:(a.n)\/pi%m pe me:}gg:;i p02m pe P,

It turns out to be convenient to exclude n:

) P
n—-——— ——.
Pl —m?

Then the four-component wave function becomes

\I’l (0‘ . p)
U = ; Uy = Uy, 2.19
(‘1’2> T po+m | (2:19)
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Since we have introduced two extra components Wy merely to preserve the
reflection symmetry, they, of course, are not additional degrees of freedom
but can be expressed in terms of ;.

Let us now try to find an equation connecting all four components of
the wave function in such a way that there is no difference between right
and left and that the particle has a definite (e.g. positive) parity in the
rest frame (as follows from (2.19), W9 = 0 at rest). For this purpose, we
introduce four-dimensional y-matrices in the standard representation:

/T 0 0 o
Yo = 0 —J ; Yi = —0; 0 .

Now it is easy to see that the wave function ¥ (2.19) satisfies the Dirac
equation

(Yopo —v-p—m)¥ = 0. (2.20)

This equation leads to
(po—m)¥1 — (o -p)¥2 = 0, (2.21)
(—po —m)¥s+ (o -p)¥; = 0. (2.22)

Obviously, the relation between ¥y and ¥; given in (2.19) follows from
(2.22). Substituting ¥ into (2.21) we obtain the standard relativistic
relation between energy and momentum:

. 2
(@-P)7 g _y

_m —
(po ) ot m
or 2 2 2
B-" Py, -,
po+m
i.e.

pg —p* =m.

Equation (2.20) is relativistically invariant because so is the scalar product
of the two four-vectors v, and p,:
P = VuPu ="Y0P0 — Y P:

Thus
(p—m)¥ =0 (2.23)

selects and describes the states with positive internal parity in the particle
rest frame, because only ¥; does not vanish at v = 0.
We could have written instead

(p+m)¥ =0, (2.24)
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which equation, unlike the standard Dirac equation (2.23), would select
negative parity states of the particle at rest.

To extend our description to the case of massless spin % particles we
have to get rid of the masses in the denominators of the wave functions
(2.18). This can be done by changing the normalization of the Dirac
wave function in (2.20). We multiply it by v/2m and write the new wave

function in terms of the spinors u

VDo + mpy i P — i,
U — Po pr _ oo ipr _ A ipx
<(U'n)vpo—m<ﬂ,\ ‘ Pt (ep) ® ‘ w e

Ayt

potm
(2.25)

where = 2m. Since ¢ has two components, there are two linearly
independent @y, (A = £1), corresponding to two spin projections. In the
rest frame % is simply the projection of spin

TP\ = )\tp)\. (2.26)

el o)

and the wave function (Z;) in the rest frame can be written in the form

)=o) ()

The functions a; and ay are the probability amplitudes for a particle to
have spin projections —i—% and —%.

Let us write (2.26) in a relativistically covariant form. First, we in-
troduce in the rest frame a unit vector ¢ directed along the spin. Then
(2.26) may be written as

It is easy to see that

(o - Q¢ = Ap. (2.27)

Introducing a space-like four-vector ¢, (Cﬁ = —1) which in the rest frame
turns into (0, ¢), and the four-matrix

0 I
75 = I 0 7
we can write a relativistically invariant expression which corresponds

to (2.27):
(v5Cuvu — A)u = 0. (2.28)
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Indeed, in the rest frame

—(v5¢ivi F Nu=[(o-¢) — Np =0.

Here we used that the lower components of u are zero in the rest frame

and
o =i 0

Then (2.28) turns into (2.27). Hence, in order to define the Dirac spinor
unambiguously, two equations are necessary:

(ﬁ_m)uzoa
(35 = Nu=0.

We shall denote the solution of these equations by either u(p, ¢) or u*(p)
(where A and ¢ are fixed).

Let us now establish a probabilistic interpretation for the spinor wave
functions. As usual, we need to construct a conserved quantity. Obvi-
ously, the product of spinors of different types which transform according
to different representations of the Lorentz group is relativistically invari-
ant. Indeed,

(2.29)

$/T§/ — éTe*%(U-n)e%U-n)f — §'T§_

However, we use not the spinors £ and § but their linear combinations
1 )
o= 5E+9),
1 )
Uy = 5(5 = &)
In these terms the relativistically invariant product has the form
(o) = (W] — 0, 0y + Wy) = Wlw, — wlw,.
Introduce the Dirac conjugate four-component spinor

@(p) = ul(p)yo = (], Wh) ( é _OI ) = (], —wl).

Then the product
@ (p)u* (p) = V] W) — V30 (2:30)

is a relativistic invariant.
Let us find an equation for the Dirac conjugate spinor @*. The first of
equations (2.29) gives
tph — m) =
ul(p' —m) =0, (2.31)
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where

= (vopo—v-P) =P+ P

due to hermiticity of vy and the antihermiticity of ~;. Multiplying (2.31)
by 7o from the right and using the commutation law for the y-matrices

VY + YV = 2 G,

ie.

Y0 = Y07,
we obtain

u(p—m) = 0. (2.32)
And what about the second of equations (2.29)? One has, as in the
previous case, .

ul ((Tys —A) =0

which gives, after multiplication from the right by ~o,

(5 — \) = 0. (2.33)

In other words, @* and u* are solutions of the same equations.

As we have seen, uu is a relativistic invariant, and v, transforms like a
four-vector. Then j, = @y,u also transforms like a four-vector. Its zeroth
component uyyu = utu can be identified with the probability density,
and uvy;u with the probability current density. Indeed, in the coordinate
representation equations (2.29) and (2.32) can be written as

(iai%w _ m) V(z) = 0, (2.34)

U (x) (—i%wﬂ —m) = 0. (2.35)

(The arrows here denote the direction of the differentiation.) To confirm
that j, obeys the equation of continuity and jo can be considered as
the probability density, we multiply (2.34) by ¥ from the left and (2.35)
by ¥ from the right. Subtracting these equations, we obtain the local
conservation law 5
—— (U, ¥) = 0. 2.36
axu( fYM ) ( )
As usual, particles correspond to the positive-frequency solutions, and
we have to learn how to construct such solutions of the Dirac equation.
The positive- and negative-frequency solutions differ by the substitution

Po — —Po p— —p. (2.37)
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Our spinor has the form

AN VDo + mpx
W) = ((a - n)\/mw>' (238)

Performing the replacement (2.37), we get

VDo — gy
o) e

What is the connection between u*(p) and u*(—p)? For scalar particles
it was trivial: ¢(—p) = ¢*(p). Consider

N (op) =i | VP
(o - n)*/po + mep}
_ 3 Oy\/DPo — MOy Py
—oy(o -n)y/po + moyey )’

where we have multiplied both components by 05 = 1 and used the rela-
tions oy = —oy and o} = 0y, 0;0y = —0oy0; for i = x, z.

Let us define a new spinor ¢y = (o - n)oyp;. Then, because of (o -
n)(o -n) = n? =1, we have 0,05 = (0 - n)p, and

u)\*(_p):j: _iay(a‘n)vpo—m@&
ioy\/Po + M ¢\
:j:< 0 —iay) Vo + m ¢
iy 0 ) \@nyvm=me,)

The last column resembles the original four-spinor (2.38). What is ¢'?
Let us show that ¢/ describes a particle in a state with the opposite spin.
This means that if ) satisfies the equation

(o -n)pr =gy, (2.42)

ut(=p) = ii(

(2.40)

(2.41)

then for ¢\ we have
/

(o -n)p\ =X\, (2.43)
It follows from (2.42) that
(07 - m) g} = Ap).

Multiplying this expression by o, from the left and using

oy} = (- m) @),
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we get
*

ay(a” - n)gi = Ao - n)¢).
On the other hand,

oy(0” - n)p} = —(0 -n)o,p) = —p).

This means that
Since A = £+1 we have

i.e. indeed, @ = @_.

Using this fact we can now construct the Dirac conjugated spinor to
u?(—p). Transposing u*(—p) given in (2.41) and multiplying by 7o results
in

2 =+l (o 5 ) (o ) merre @

10y

¢=-imo=( o o) (2.45)

1oy 0
is called the charge conjugation matrix. It has the following properties:
c’=-1, Ccf=c"=c"1'=—c,

Cyret = —7;. (2.46)

(Note that according to (2.44) the matrix C' is defined up to a sign.) Thus
the connection between positive- and negative-frequency Dirac spinors is
given by

uM—p) = [u*(p)]"C. (2.47)

It is convenient to introduce four-spinor v*:

v\(p) = ' (=p)-
Let us find the connection between v and @. Multiplying (2.47) by 7o,
uM(=p) = [ ()] Co,

and taking the Hermitian conjugate we get

u(—p) = WO M) = 10CTolu (p)r0] " = Cla= ()],

ie.

p)=Cla )" =@ *p o],

Pp) = [ @) C = [ )T (2.48)
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We have obtained u*(—p) in (2.39) as a result of the substitution p —
—p in the four-spinor u*(p) in (2.38). What is the connection between
the respective Dirac conjugated spinors? Does the substitution p — —p
in @*(p) lead to the spinor u*(—p) in (2.44)? From (2.25) we have

o-p)f
a*(p) = Vpo +m (% _@§ﬂ> = (VpoFmel, —¢}(o-n)vpo—m).

Do +m

The substitution results in

@(—p) = +i (Vo = mpl, —pl (e n)Vmo Fm) .
On the other hand, (2.40) gives

+
uM—p) = [(=p)] 0= 3F%'< P e ) %
(o - n)*\/po + me}
= Fi (Voo —mel, —pl(e n)Vm +m).
Comparing these expressions we see that
uM—p) = —uM—p).

Here @*(—p) is the function @*(p) after the substitution p — —p, while

u*(—p) is the Dirac conjugate of the function u*(—p). Thus, the functions

@ (—p) and u*(—p) do not coincide but differ by sign. Therefore, since
v (p) = u(-p),
we have
*(p) = —u*(—p). (2.49)
This means that the solutions u*(p) and @*(p) cease to be Dirac conju-

gated after changing the sign of momentum, p — —p.
In what follows we will need two useful relations:

(1) The normalization condition
tn(p)us (p) = 2mdyy. (2.50)
(Here o enumerates the four components of the Dirac spinor.)

This equality follows directly from the explicit form of the four-component
spinors

<
Q
)
<
o
S
I

Wi (e i ((a -%tp)

= (po+m—po+m)(el px) =2mdy.
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(2) The completeness relation

> ud()uy(p) = (h+ m)ags. (2.51)
A=1,2

This can be proved with the help of the identity

4

A(p)ay 5 A\
Z ug (p)uz(p) = 5— Z(p + M) oy ul U3,
A=1,2 A=1

where we have introduced a summation over two additional states with
negative parities. This identity is valid because u* are solutions of the
Dirac equation and satisfy the completeness relation

4
A
Z ujug = 2m5,yﬁ.
A=1

2.2 The Green function of the electron

For a spin i particle we obtained the Dirac equation

2
(Yupu —m)¥(p) =0 (2.52)

or, in the coordinate representation,

<i’yuaixu — m) U(z) =0. (2.53)

The Green function G(z) satisfies the equation

<i'yu% - m) G(z) = id(x). (2.54)

In the momentum space we get, as usual,

and

G(p) = - (2.55)

where the relation

B 1
D = VPP = 5 (WY + W) PP = P’
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was used. Then

d4p (m+ﬁ)045 —ip(xo—x
Gap(zy — 1) = / RnyimE—p?—ic ple2—o1), (2.56)

Let us calculate G(xg — 1) when to > t;. Will we obtain from this
integral

a g

-
!

T €2

i.e. the electron propagator from z1 to xo? Taking the residue at the pole

po = vV/m?2 + p? we have
d®p

Gﬁa($2 - $1) = /Weip(xzm)(m +ﬁ)ﬁo¢

d p 7@])(2}32 x1)
/(27.‘.)32190 Zuﬁ

Introducing the electron wave function

A
Wi(p.x) = ol o, 2.57
(p,2) = 5 (2.57)
we have
d*p
Gpalzz —a1) = 3 / 7 V3(p, x2) W3 (p, 1) (2.58)
A=1,2

which is indeed the electron propagator describing propagation of positive
frequencies.
What will happen if to < ¢ 7 In this case the contour has to be closed
around the other pole, pg = —v/m?2 + p2, and we obtain
d3p ,
G _ — / ip(w2—21) () _ 5
ﬁa($2 xl) (271')32]?06 (’I’I’I, p)ﬁa

Ep o ip(as )
= —Z/T%%(p)va(p)e

> / GV )WY (), (259)

where we have changed the sign of the integration three-momentum p and

defined the positive-energy four-momentum p = (po, p), po = Vm? + p?,
as in (2.58). We also introduced

A
ValP) ips (2.60)

VA (p,x) = N
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and used the completeness relation (2.51),
A =~ A
> ua(=p)uz(=p) = (m = pag,
A

and
A

ua(=p) =va(p),  uj(—p) = —v3(p).
It follows from (2.59) that a negative frequency state propagates back-
wards in time (from z; to z2). It can also be interpreted as the propa-
gation of an antiparticle (positron in our case), described by the function
U~ (p,z), forward in time i.e. from zy to z7.

Recall now that the charge conjugation matrix C has the property

07“071 = _WJ’

and hence,
(m —P)pa = [C(m +p)C ag.

Then we easily obtain an identity for the Green functions

d4p —ip(x1—2 [C’(m—i—ﬁ)C_l]a
Gpa(r2 — 1) = / (27‘1’)41'6 pln=) m2 — p2 6,
or
G (zy —x1) = CG(xy —x0) C L. (2.61)

We see that unlike the case of scalar and vector particles (cf. (1.81) and
(1.89)), the electron Green function is not symmetric under the trans-
position of the coordinates, x9 — 1 — x1 — x2. This complication can
be understood by bearing in mind that G is a matrix which undergoes
unitary transformation when x — —z. Consequently, the same process is
described in another representation.

The Green functions of electrons and positrons turn out to be different
and the connection between them is realized by the charge conjugation
matrix. The fact that the Green functions of e~ and et are different
causes no problems since so far we have not seen any spin % particles
identical to their antiparticles. If such a Majorana-type particle existed,
its propagation could be described in the same way as that of a charged
particle, but its interaction would not change under charge conjugation.
Also, a formalism could be constructed in which the asymmetry in the
description of propagation would not arise at all.

2.3 Matrix elements of electron scattering amplitudes

Let us consider the electron—electron scattering process. To calculate its
amplitude, it is necessary to take the limit xqg,z99 — —o00, 30, T49 —
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+00. This time ordering determines unambiguously how to close the
contours around the poles in the Green functions corresponding to the
external lines. After taking the residues, the external lines correspond to
linear combinations of the type \I/g‘{(xg)\ﬂg(xé) which, unlike the case of
scalar particles, are matrices and not numbers.

T1 z3

€2 4

Let us now look at the diagram time-ordered from top to bottom, i.e. take
the limit

Z10, %30 — —O0, T20, T40 — +00.
The Green functions that describe the propagation from x; to ) and
from )y to x4 do not change, while the two other Green functions give,
according to the change in the direction of closing the loops around the
poles, =¥ (25)¥~(z3), and a similar expression for the line x} — 5.

T — T3

e T (a})

Z2 Zq

We thus come to the conclusion that (similarly to the case of spin zero
particles) the external lines in the scattering amplitudes for particles with
non-zero spins correspond to wave functions instead of Green functions.
Repeating the calculations (1.130)—(1.131), we see that the transition am-
plitude differs from the amplitude in the scalar case (1.131) only by the
spinor factors:

u  corresponds to  the initial electron,
% corresponds to the final electron,
v corresponds to the initial positron,
and v corresponds to the final positron.

According to (2.59), a factor —1 per positron Green function should be
included in the transition amplitude. In the above example we had two
antiparticles, so this did not matter. At the same time, the transition
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amplitude for the pair creation process yy — e~ e where there is but
one antiparticle line will have an additional minus sign.

Thus, the transition amplitude S(p1, p2; k1, k2) for a spin % particle can
be obtained in the following way: the internal part of the diagram has
to be calculated in the momentum representation and multiplied by the
spinors corresponding to the external lines. (Similarly to the case of the
spin zero particles, the factors 1/4/2py will be included in the expression
for the phase space volume).

2.4 Electron—photon interaction

Let us start, as usual, with the simplest process

k

=l

b1 D2

and write the amplitude T'(k,p2;p1) explicitly. As we have shown, the
spinor factors u*(p;) and @ (ps) correspond to the initial- and final-state
electrons, respectively. The photon is described by the polarization vector
e, Correspondingly, the amplitude has the form

T(k, p2; pr) = W3 (p2)T, (p1, P2, k)ud (p1)es, (2.62)

where I’g (D1, 2, k) is the vertex (the internal part of the graph). The ad-
ditional factors like 1/+/2pyg, as well as the d-function corresponding to the
four-momentum conservation will be taken into account when calculating
the cross sections.

Let us now construct the vertex function Fga. The amplitude ul'*u
should be a vector. We have three Lorentz vectors at our disposal, the
matrix 7, and the two independent momentum vectors, & = p; — p2 and
p = p1 + po, and can write

' = ary, + bp, + cky, . (2.63)

We could have also tried more complicated structures like dy - y,p1 +
ds - p2y,. We have to remember, however, that I' is sandwiched between
two spinors which satisfy the Dirac equation, so that these two structures
redefine the parameter a of the 7, term in (2.63).

Similar consideration applies to terms with the opposite order of ma-
trices: dj - p1yu + db - yup2. Here we use the commutation relation

P1Vu = WV Piv = =YW Plv + 29mP1v = —Vub1 + 2D1 (2.64)
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and observe that these two structures are not independent either. They
reduce, on the mass shell, to those already present in (2.63) which, there-
fore, proves to be the most general form of the vertex function.

Let us write (2.63) in a slightly different form. Due to the commutation
relation

'Mﬁ + ]57u = 'Yuﬁ - 'Yuﬁ + 2py,
we have
(p2)[vub + Pyululpr) = 2put(p2)u(pr). (2.65)
On the other hand,

p1+p2=2p1 — k =2py + K,

and

W(p2)[yub + pyululpr) = 4ma(p2)vuu(pr) + @(p2) (v, —vuk)u(pr).
(2.66)

Thus, we can use lzwﬂ — Wﬂfc instead of p,:
' =avy, + b(l%yu - %Lff) + cky,. (2.67)

Let us now determine a, b and ¢ (naturally these factors are different here
from those in (2.63)). The photon emission amplitude should satisfy the
transversality condition

ky (il%u) = 0. (2.68)
It follows from (2.67) that

k,TH = ak 4 ck?, (2.69)
and thus

w(p2)kuLyu(p1) = alt(p2) (1 — p2)u(p1)] + ck*u(p2)u(pr) = 0. (2.70)

Since
u(p2)(P1 — P2)u(p1) = u(p2)(m — m)u(p1) =0,
(2.70) leads to the condition ¢ = 0.

Generally speaking, there is no restriction on the constant b. So far
there are two experimentally known particles: the electron and the muon,
for which b = 0 with very high accuracy (although a small effective b is
generated dynamically even for these particles when one considers more
complicated radiation processes).

Usually it is assumed that for the fundamental interaction between the
elementary fermions and photons

b=0, a=const. (2.71)
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This is the hypothesis of a minimal electromagnetic interaction. It is

justified, on the one hand, by its simplicity. On the other hand, no self-

consistent theory can be constructed if b # 0. We will show later that

b # 0 corresponds to the description of particles with anomalous magnetic
moments.
Hence,

L'y =ey. (2.72)

(We will see below in Section 2.5.2 that the numerical factor in (2.72) is

equal to the charge of the particle.) The invariant amplitude (2.62) for
photon emission by an electron can now be written as

T, = ew" (p2)e”u(p1), (2.73)

where

€% = ey
According to our rules for the amplitudes involving antiparticles, photon
emission by a positron is described by a similar expression,

7, (2.74)

~o, N

T+ = ez_}A(pf)e v (p
where 7 corresponds to the initial, and vV to the final positron with
physical (positive-energy) momenta p{ and p3 .

Consider how the amplitudes of photon emission by an electron and a
positron are related. Recall that (see (2.48)

(2.75)

This leads to )
Ty = et > (pf)e"u(p}), (2.76)

since CéC = [¢] T (see (2.46)). Thus, we see that for given initial and final
particle momenta, T,— (2.73) and T+ (2.76) are equal up to the values of
the spin variables (the signs of A, \').

Let us now look at the relationship between these two amplitudes from
another angle. For this purpose we redraw the diagram which corresponds
to photon emission by an electron as

P10,P20 < 0
P2 p1

and replace

pi=-p3, p2=-pf.
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In this way we obtain the analytically continued amplitude T,y
Teon = eu(—pi )e7u(—p3) = —ev(p)e”v(py) (2.77)

which, except for the sign, coincides with the amplitude of photon emis-
sion by a positron. This is quite natural, since the change of sign of x
in coordinate space is equivalent to the change of sign of p in momen-
tum space, and, of course, we obtain the amplitude of an antiparticle by
replacing p by —p.

But where has this extra ‘minus’ come from? It is due to the usual
definition of the amplitude

f /\If*vqfd%,

where the integrand contains conjugate functions. However, this property
is not preserved when we analytically continue the amplitude by revers-
ing the sign of the momenta: u(—p]) ceases to be the conjugate of the
function u(—p;]) (see (2.75)).

We need to have a definite prescription for the amplitudes. Hence,
we would rather not treat T,,,; as an amplitude but instead define the
physical amplitude in the cross-channel to be

7o = — (Te‘)com . (2.78)

This sign is irrelevant for calculation of the cross sections.

2.5 Electron—electron scattering

We have two topologically different diagrams that contribute to electron—
electron scattering in the lowest order:

b1 b3 b1 yZ

+

D2 yZ D2 b3

The problem arises of how to choose the relative sign of the two ampli-
tudes? Recalling the Pauli principle, we see that the plus sign cannot be
correct. In this case the amplitude would not change under the substi-
tution ps «— py4, while it has to be antisymmetric for a spin % particle.
Hence, the two diagrams should be subtracted rather than added.

The question is, whether the choice of the minus sign can be decided
upon without referring to the Pauli principle? Let us show that the plus
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sign between the amplitudes is incompatible with the relativistic interac-
tion theory we are constructing, as it leads to an internal contradiction
within our scheme.

There are two basic principles in our theory: the unitarity condition,
SST = 1, which means that the sum of all probabilities has to be unity,
and that of causality. It is these two fundamental requirements that allow
us to fix the sign unambiguously.

2.5.1 Connection between spin and statistics

Consider the non-relativistic scattering amplitude (compare with the dis-
cussion in Section 1.3.2)

= [TV () dPr (2.79)
Writing the wave function ¥, (r’) in terms of the Green function, we
obtain

2mi

f=fe+ e /e_ik/'r/V(r')G(r',r)V(r)eik'rdgrdgrl,
s

with fp the amplitude in the Born approximation.
In terms of the complete orthonormal set of states ¥,,, the Green func-
tion has the form

L W (1)U ()
G(r” r) = n ; ﬁ, (2.80)
and hence,
o 2m f;:kfnk/
f=17+7 B (2.81)
where
for = [TV ()0 (1) (2.82)

It is critical that the product f;. fy in the numerator on the right-hand
side in (2.81) is positive for the case of forward scattering, that is when
k = k/. This positivity is in fact a result of the unitarity condition (we
will consider unitarity in more detail in the next chapter). The amplitude
as a function of energy has a pole at the bound state energy £ = E,,. The
positivity of the product f, f,r means that the corresponding residue is
always negative.

We are ready now to demonstrate that the unitarity condition fixes the
signs of the different diagrams unambiguously.
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Consider first the case of scalar particles. We have (compare with
(1.145))

D1 ¢ D3 D1 _u D4
1 1
s i + u
b2 P4 b2 i b3
_ 2
s = (p1 +p2)
t=(p1 —p3)?
u=(p1 — pa)°.

In the s-channel these diagrams have no singularities in energy (i.e. in s).
Hence, we cannot use unitarity to fix the sign of the residue at the pole
in energy.

Let us go to the ¢t-channel, which means that we look at the diagrams
from the top. The first diagram then describes the transition

e (p1) +et(pd) — ¥ - eT(pa) + e (p3).

This is a second order process with a virtual v quantum in the intermedi-
ate state. This intermediate state corresponds to the sum in (2.81). There
is a pole at t = 0 (¢ in this channel is the centre-of-mass energy squared)
which corresponds to the eTe™ pair annihilation into a real photon, the
intermediate state with energy E,, =0 (my = 0).

Now, by examining the sign of the residue at the pole at ¢ = 0 and
comparing with that dictated by the unitarity condition, we determine
the sign of the first diagram (the second one has no singularities in the
t-channel). In the centre-of-mass frame E; = E3, Ey = FE4, and in the
near-to-forward scattering case, p; ~ p4, the numerator of the diagram
becomes

(p1 — p)u(pa — p3 ) =~ —4p7.

Thus, the residue at the pole is negative and therefore this diagram should
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enter the scattering amplitude with a plus sign.
t

The sign of the second diagram can be determined in the u-channel where

u is the centre-of-mass energy squared, and this amplitude has a pole in

energy at u = 0. Repeating the previous considerations we obtain a plus

sign for the second diagram. Hence, for bosons (spin zero particles) both

diagrams should carry a plus sign (compare with (1.145) and (1.146)).
Now consider the fermions (spin % particles)

o t P3 P1 U P4
P2 P4 P2 p3
TG) = 4 ¢2 [a(p3)vuu(pr)] % [@(pa)vuu(p2) ]
4 (2.84)
+ e [a(pa)yuulpr)] — [@(ps)yuu(p2)]-

As in the previous case, we find the sign of the first amplitude by going
to the t-channel. To do this, we carry out the replacement

ps=-p3, p2=—Dp;. (2.85)
Since u(—p3) = —v(p3 ), and bearing in mind that the physical ¢-channel
amplitude T® differs by sign from the analytically continued amplitude,
T® = T, (see (2.78)), we obtain

) o[ 4+ Loy +
T ==& o yulp) | 5 | @pa)0@s)

_ 1.

+ & [a(payu(p)] ~ [00F)nwmd) .

We have to choose the plus sign for the first term in order to obtain a
negative residue in T® at t = 0. Indeed, only the spatial components

(2.86)
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of currents survive in the annihilation diagram near the pole, and the
currents themselves are complex conjugate to each other

(up)vv(p3 Nt = (Whyyw)t = v (o) u
= vy iadu = o(p3 )vuu(ps)

(here we used the hermiticity of vy and the anti-hermiticity of «;). Thus,
the product of the currents at p; ~ p4 turns out to be negative, and the
residue in T®) is also negative if the first diagram in (2.83) carries the
plus sign.

Let us figure out the sign of the second diagram, that is the sign of
the second term in (2.84). In the t-channel the second graph describes
e~ e’ scattering, and its sign may be fixed by comparison with the non-
relativistic limit.

P1 p3
| A
I N NZaa N
|

\
yZ D2

Non-relativistic amplitudes for particle—particle and antiparticle—particle
scattering should have opposite signs in accordance with the signs of the
respective non-relativistic potentials. In other words, the sign of the am-
plitude corresponding to the second diagram in (2.83) in the ¢-channel
(e~e™ scattering) should be opposite to that of the first diagram in the
s-channel (e”e™), at least for small energies and small momentum trans-
fers. However, the amplitudes of photon emission by a particle and an
antiparticle are the same, since, as we have seen, the minus sign in the
relation u(—p3 )y, u(—p3) = —0(p3)v,v(p3) is compensated by the mi-
nus due to T® = —T c((fr)lt Hence, to preserve the correspondence with the
non-relativistic theory, the second diagram in (2.83) should carry a minus
sign, opposite to the first one.

We can also establish the sign of the second term in (2.84) without
appealing to the non-relativistic limit. Let us continue the amplitude
to the u-channel, where the second diagram describes electron—positron
annihilation, and should therefore be positive due to unitarity (compare
with the ¢-channel consideration of the first diagram above).

We go to the u-channel starting from the t-channel and substitute

pa=-py, p3=-p3".
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In the process of the s — t — u transition we changed the sign of the
o ot ++ : -

vector p3 twice: p3 — —p; — p3 . Each time the sign of the four-

momentum changes, p — —p, the Dirac spinor is multiplied by i (see

(2.39)) so after two substitutions it acquires the minus sign. At the same

time, the sign due to u(p] )y, u(p1) = —0(p])y,u(p1) gets compensated

by that from 7 = —Tc(ﬁit. Therefore, to have a positive-sign expression
for the annihilation amplitude in the u-channel we have to supply the
second term in (2.84) with a negative sign, confirming the result we have
obtained from the correspondence with non-relativistic scattering.

In the course of the s — ¢ transition both diagrams in (2.83) retained
their signs (+1 for the first term, —1 for the second one). Going from
the t- to the u-channel (unlike the s — ¢ case, @(p3) — —v(p3 ), u(pa) —
+v(p3)) we now continue two conjugated spinors, v(p3) — —u(p3 ") and
u(ps) — —0(pf). As a result, taking account of T' = —T,,, the signs of
both amplitudes change. The two diagrams also interchange their roles:
the annihilation graph turns into the e“et scattering graph, and vice
versa.

Given the correct sign prescription for the s-channel diagrams (+graph
1)/(—graph 2), the amplitudes in the ¢- and u-channels turn out to be
identical (modulo labelling of particle momenta). This was to be ex-
pected because they describe one and the same physical process of e~e™
interaction:

s-channel: + scattering (e~ e™) — scattering (e”e™)
t-channel: + annihilation (e"et) — scattering (e”e™)
u-channel: — scattering (e~ e™) + annihilation (e"e™)

Thus, we have come to the conclusion that the annihilation and scatter-
ing diagrams in (2.83) should have opposite signs. Hence, the scattering
amplitude in the s-channel must be antisymmetric with respect to the
interchange of momenta of the initial (or of the final) particles, i.e. the
electrons have to obey Fermi-Dirac statistics.

Let us remark on a subtlety concerning the overall sign of the interac-
tion amplitude. If we start from the s-channel and then return to it via
the t- and u-channels, the sign of the amplitude changes. However, unlike
the case of the t- and u-channels where different particles interact, in the
s-channel the interaction takes place between identical particles, and the
overall sign is unimportant. Indeed, the unitarity condition determines
only the sign for the amplitude of forward scattering. For identical par-
ticles, however, the processes of forward and backward scattering are the
same, and only scattering into one hemisphere makes sense. So, the line
t = 0 in the Mandelstam plane corresponds to forward scattering for the
diagram with one sign, and the line v = 0 corresponds to forward scatter-
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ing for the diagram with the other sign. In other words, the overall sign of
the s-channel amplitude determines the very notion of forward scattering.
This is already true in the non-relativistic theory. Consider non-relativistic
scattering of identical spin % particles. The initial and final wave functions
have the form
v, P11 P2 T2 _ IP1T2,iP2T1
)
U, = e'P3T1 P4 T2 _ ,iP3T2 P4 T1

and the scattering amplitude

fab X /\IJZV\IJG

has a definite sign (provided the potential has a definite sign) only if
U, = Uy, ie. if p3 = p1, p2 = p4. Scattering at an angle § > 7/2 is
equivalent to transposing the final electrons, and the amplitude changes
sign.

Let us see what will happen if, after obtaining an amplitude with sign
opposite to the original one in the s-channel, we once more carry out an
analytic continuation into the t- and u-channels. Obviously, the ampli-
tudes we get in the t- and wu-channels will also be of opposite sign, i.e.
T = T,.u, unlike what we obtained above. Hence, the relation between
the continued amplitude e"e~ — e~ e~ and the amplitude ete™ — eTe™
depends on the continuation path. This non-uniqueness is due to the
uncertainty of the sign of the amplitude e"e™ — e"e™.

We have obtained a remarkable result here: a connection between spin
and statistics. We have derived this connection from very general con-
siderations, using the unitarity condition and the fact that an arbitrary
amplitude can be obtained via analytic continuation. The latter reflects
the analyticity of the amplitude which, as we will show, is connected with
the causality. This means that two fundamental conditions, namely uni-
tarity and causality, are sufficient for the determination of the signs of
the amplitudes. Thus, in our theory the experimentally established Pauli
principle is satisfied automatically.

2.5.2 Electron charge

In the region of small scattering angles our amplitude is simply the usual
amplitude of Coulomb scattering. Having this in mind, we can show that
the coupling constant e in (2.84) is just the electric charge. Small scatter-
ing angles correspond to p3 =~ p1, ps =~ p4, i.e. t ~ 0. The first amplitude
is proportional to 1/t, so that we can neglect the second (exchange) am-
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plitude which remains finite in the limit ¢ — 0.

p1 b3

R
~ | =

b2 P4

Let us calculate %(p3)y,u(p1) for ps ~ p1. Using p1 +m = p1 — m + 2m,
(pr —m)u =0, and

VuP1 = —P1Yu + 2P1p,
we can write

T = - m+ Py
a(ps)yuu(pr) = ulpr)yuu(pr) = wpr)y—; ——ulp1) o.87)
2.87
_ m — py a(p1)u(pr)
= u(pl) om 'Yuu(pl) + 2p1uT = 2p1y.
Similarly,
u(pa)vpu(p2) = 2pay. (2.88)
Then in the non-relativistic limit we have
2 2 2
e 4e“m
T= 72291# 2oy > — (2.89)

This is the usual Coulomb scattering amplitude, which coincides with
(1.147) for spinless particles. In other words, the spin of the electron plays
no role at small momentum transfers: spinor vertices (2.87) and (2.88)
coincide with the electrodynamic vertices for scalar particles, p1, + p3, ~

215 Pou + Pap = 2p2yu. We see from (2.89) that the coupling constant e
is the electric charge.

2.6 The Compton effect
Consider, as usual, the simplest diagrams describing the Compton effect.

kio1 koo kio1 kooa

P1A1 P22
Fig. 2.1
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The second of these graphs may also be drawn as

kl/\/\/\_>_p 2

R NN
D1 )

The Compton scattering amplitude can be written as
T = e (po) My u (pr)eft (2.90)
where

1
MV = 62 Y Y+ VY
g [ —kr = pr+ ko

m—p1 —

R - ) N (2.91)
_ 2 |tk m)y (P — ke m)y
m? — (p1 + k1)? m2 — (p1 — k2)? |’
and
(p1 + k1)? = s, (p1 — k2)? = u.
To show that the current conservation conditions
k21/Ml/;L =0, kl,uMu,u =0 (292)

are satisfied automatically, let us calculate

A 1 1 ~
le/Ml/M = 62 [kgﬁ’)’u + fyﬂﬁk&] .
m — pa — ko m — p1 + ko
The amplitude M, enters only between the on-mass-shell spinors, hence,
we can add ps — m and p; — m in the numerators. Due to the Dirac
equation the amplitude will not change. So,

- R 1 1 - A
(]{?2 +p2 —m)ﬁ’m + '}’Mﬁ(kg —i—m—pl)]
m—pa—ko m—p1+ko

= 62(‘% + ) = 0.

2
koM, = e

Similarly, we can prove the second identity in (2.92).

Calculation of the amplitude is difficult because of the large number
of spin variables. To avoid complications, let us consider the simplest
experimental situation and calculate the total cross section for scattering
into all possible electron and photon polarizations in the final state, for
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the case when the incident beams are unpolarized. This means that we
have to sum the cross section,

d3p2 d3 kﬁg

2
27 46 + ki — — ko) ——rr"——
(@) 0ler + =22~ ha) (27)52k202p20”

1
do = = T3

(2.93)

over all final polarizations and average over all initial polarizations:

> = Z\ e[

o1 ,02 ,01% 02*
E e, lelle W €y
9201

A2 (2.94)
X (a)\2 (pQ)Muuu (pl)) (a)\2 (pQ)MV ,u/u (pl))T .

Summation goes only over two transverse photon polarizations o = 1, 2.
Conservation of current, however, allows us to perform summation over
all four polarizations, since the extra polarizations will not contribute to
the sum due to (2.92). We then effectively have (see discussion after (1.88)
in Section 1.5.4)

et - Z e = G-
o1=1,2 o1=0

Introducing
Muu = 7 M;IV Y0 (295)

and using the identity voyo = 1, we can write (2.94) as
1

Z _ 1 )\z)\: (’ELA2MVMU>\1)(/EL)\2 Myuu)\l)T
112
= = Z Vuu ) (u AI*MJ;/YOUAQ)
)q)\g
= = Z ™) (@ WOMTWOU %)
)q)\g
- iAIZAQ(@MMWUAI)@MMWUM). (2.96)

From the explicit form (2.91) of the amplitude M,,, it follows that

M,, = M, . (2.97)

(To verify, recall {y9y;} =0, 78 = Y0, %T = =)
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Now we are ready to sum over fermion polarizations A, As. Let us
write (2.96) in the matrix form

> = i > 2 (p2) My )aptey! (p1) 8 (1) (M )11 (2)
A1 2

1 ~ A~
=7 2 (Mip)ap(Pr+m)sy (M )ys(P2 + m)sa (2.98)
afyo

1 . .
=1 Tr[M,,(P1 + m) M, (P2 + m)],

where we have used the identity
> up(p)as(p) = (p+mas-
A

Thus, we have reduced the summation over the fermion polarizations to
calculation of the trace of a matrix.
It is convenient to write the phase volumes in the form

d3p2 4

—= = d'%py0,(p3 —m?
0o P20+ (P3 )
—= = d*k9d(k5).
oo 201 (k3)

The expression for the cross section then becomes

1 . ~
do = 17 Tr [(p1 + m) M (P2 + m)M,,]

x 04 (p5 — m?)04 (k3)(2m) 6 (p1+ k1 —p2—k2)

Bty (299)

(2m)°

As in the case of scalar particles, the calculation of the cross section
(2.99) can be described graphically. Consider the first diagram. It has
to be multiplied by its Hermitian conjugate which corresponds to the
interchange of ki, p; and ks, pa:

k1 ko ko k1
X
1 2 2 p1
Instead of this symbolic product we draw
/{?1 kl

JECE G

P1 P2 P
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This new diagram is convenient from a purely technical point of view: it
shows that the cross section may be calculated by the same rules as the
amplitude. The difference is that for the lines marked by x the denomina-
tors in the propagators 1/k3 and (m + p2)/(m? — p3) = 1/(m — po) should
be substituted by the d-functions, i.e. real particles correspond to such
lines. The factor (P2 +m) = > u(p2)u(p2) in the numerator describes the
sum over polarizations of the final electron while (p1+m) = Y u(p1)a(p1)
arises from averaging over the initial polarization states. Apart from the
substitution 1/(m? — p?) — §,(m? — p?) for the final state particles, the
only difference between the diagrams for the amplitude and the cross
section is an extra factor (27)? in the latter case.

Similarly, squaring the second graph in Fig. 2.1 we obtain

k1 P2 k1
A~
n ko n

In addition, interference terms arise from the multiplication of different
diagrams in Fig. 2.1:

k1 ky ky k1
b2 P2
+
(o k/’g k2
! D1 D1 P
All these contributions can easily be obtained from the explicit expression

for the product M,,M,, in (2.99). Hence, the cross section may be
represented as a sum of the following diagrams:

I e Vo VAV U
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Let us now calculate the trace. For the first diagram we have

1 R A .
A2 —s)? Tr [(Pl + k1 +m)yu(p1 +m)v

X (1 + ki +m)y (e +m) | -

f(s’ u) =
(2.100)

We have inserted into (2.98) the first term of M, given in (2.91) that
corresponds to the first diagram, and shifted , from the beginning to the
end of the expression for the trace, using its cyclic invariance.

Some useful auxiliary formulae which simplify further calculations are
due:

1
1 W) = g, (2.101)

1

1 Tr(Ypn Yo YusVia) = GpapeGusps + Guops Gpapa — Gpaps Juops - (2.102)

Trace of the product of an odd number of ~y,-matrices equals zero.
Let us show, for example, how to obtain (2.101). We have

1 1

1 Tr(yuw) = 1 Tr(7yp)-

On the other hand,

1 1 2

7 BOww) = =73 Te(y) + 3 Te(d) g

Subtracting the two equalities we get (2.101). It is also easy to check
(2.102).

Applying the commutation relations for the y-matrices, it is straightfor-
ward to derive the following useful relations involving arbitrary matrices
A, B, and C:

.Cy, = —2C, (2.103)
v ABCy, = —2CBA. (2.104)

For example, the first identity may be proved as follows:

'Y;LCA”V,u = OV = —Comvuvu + 2009
= —4C,v, +2C,y, = —2C, (Ve =4).
Applying (2.103), we get
1 4
flsu) =~ —5——
4 (m? —s)? (2.105)
X Tx [(p1 + by +m)(2m — 1) (1 + b1 +m)(2m—po)] .
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Ounly the terms in (2.105) that contain products of even numbers of
v-matrices (0,2,4) give non-vanishing contributions. Using (2.101) and
(2.102), we obtain

4
7(m2 AP { 4m* — 2m2p2(p1 +k1) + m2pips — 2m2p1(p1+/<;1)
— 2m?pa(p1+Fk1) + 4m? (p1+k1)? — 2mpy (p1+k1)

4 iTr [(m + k1)pa(p1 + ffl)ﬁl}}

4

T 2 s { 4m* —4m?(py + p2) (p1+k1) + mp1p2

f(svu) =

1 . VU P
+4dm?s + 1 [(p1+k1)pz(p1+k1)p1}}-

Note that
(p1 +p2)(p1 + k1) = s+m?,

since p1 + k1 = p2 + ko and
2p1 (p1+k1) = 2m*+2p1k1 = m>+(m?+2pik1) = m*+(p1+k1)? = m?+s.
This leads to
fls,u) = ﬁ {4m2 pip2 +Tr {(]51 + k1)p2(p1 + /%1)151} } :

Calculating the remaining trace with the help of (2.102),

Tr {(ﬁ1 + k)p2(po + 1%2)151} =2(s +m?)* — ds p1ps,
we arrive at

f(s,u) = % [(s +m?)2 — 2p1pa(s — mQ)} .

(m? —s)

We can write 2p1ps in terms of the invariant variables:

t = (p1 — p2)* = 2m* — 2p1po,

so that
2p1po =2m% —t = s+u. (s—i—t—|—u:2m2)

Finally, this gives

Fls,u) = ﬁ (5 m2) — (5 + u)(s — )
(2.106)

= gy [ = (=) (s =) + 2 (a=m)].
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The second form of the answer is better suited for exploiting the s < u
symmetry: replacing s by w in (2.106), we get the expression for the
second diagram for the cross section (the square of the second term in the
amplitude (2.91)). Indeed, this term can be obtained from the first one by
the substitution k; — —ko and p < v. Renaming the vector indices does
not affect the result. Substituting —ky for ky results in s = (p; + k1)? —
(p1 — k2)? = u. Hence, the contribution of the second diagram is just
f(u, s).

The traces of the interference terms (we call them g(s,u) and g(u,s))
may be calculated in a similar way:

2m?2

2

5 [4m2 +s5—m?>+u— mﬂ . (2.107)

g(s7u) = (

m? — s)(m? — u)

We have
1 . .
i (1 + m) M, (P2 +m)M,,]

= ¢ [f(svu) + f(u, 3) + g(u, 3) +g(s7u)] :

Taking into account (2.108), the cross section (2.99) can be written as

(2.108)

4

do = S [f(s,w) + F(u, 8) + glu, 8) + g(s, w)]
P hyd p (2.109)
X 04.(p3 — m?)84 (K3)d(p1 + k1 — pa — kQ)W’

where the invariant flux is the same as in (1.138),
J = 4poiko j, (2.110)

with the relative flux j given by the individual fluxes of the colliding
particles as in (1.137). Explicitly, we have

2p10 kio pio ko

. = k U U k k

We still have to calculate the phase volume. Let us first integrate
(2.109) over ps with the help of the d-function. We get
4
e
do = —[f(S,U) + f(ua S) + g(ua S) + g(s,u)]

J
4
% 5o ((p— ko) — m2>5+<k5>%,

(2.111)

where p = p; + k1, and
(p = k2)* = p* — 2pky + k3 = s — 2pko.
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In the centre-of-mass frame we have
54 ((p— ko)* —m?) = §(s — 2pokap — m?) = §(s — 24/5kog —m?). (2.112)
The corresponding invariant flux is
J = 4(|p1lkio + [kilp1o) = 4[k1|(k10 + p1o) = 4lks[V/s. (2.113)
Let us introduce an invariant phase volume element

dl' = %(ﬁ((p — k2)® — m®)04 (k3)

Taking into account (2.112) and (2.113),

1 \/5 m2 2 2 d4k2
= b ([ 2 )5 2

Integrating over koo with the help of the first d-function, we have

2
1 s —m? A3k
dl = 5 K2 —=.
8lki|s © ([ 2/s ] 2) (27)2

Introducing spherical coordinates

d*kso

o0 (2.114)

\}

ka|

d3ky = K2d|ky|dQ = Tdkgda,
we integrate over k3:
1 |ko| dQ
= — . 2.115
165 |kq| (27)2 ( )
The d-function gives us the photon momentum:
Ik |—S_m2 (2.116)
2l = =5 75 .
In the centre-of-mass frame, however, |ki| = |ka| = k. The initial- and
final-state momenta cancel in the ratio, and we have
1 dQ
dl' = — . 2.117
16s (2m)? ( )

Let us represent df2 in terms of the invariant variables

t=—2k*(1 —cos);  dt =2k*d(cosb).
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Since d2 = d(cos 6)dy = 2md(cos 6), we have

dt 1 dt 1
Q=2r— r=—_——.
M =2T o 165 22 27

We take now k? from (2.116) to finally obtain

1 dt

ar——__ %
167 (m? — s)?

(2.118)

This is a standard procedure for the calculation of phase volumes.

We are now ready to write the expression for the cross section. Tak-
ing the phase volume (2.118) and substituting (2.106) and (2.107) into
(2.111), we obtain the final expression for the cross section of elastic
electron—photon scattering:

4 2 2\ 2
e dt m m

do = 8

7= T6n (m? — )2 {(s—mQ * u—m2>

+ m?2 + m?2 1 u—m2+s—m2
s—m2  u—m?2 4\s—m2 wu—m2/|’

This is the well-known Klein—Nishina formula.

(2.119)

2.6.1 Compton scattering at small energies

Consider Compton scattering in the laboratory frame where the initial
electron is at rest. In this case

s = (p1 +k1)? = (k1o +m)? — k3 = m? + 2mky.
Denote k1g = w, koo = w’. Then
s =m? + 2mw

and, similarly,
u=(p1 — k2)? = m? — 2mu'.

For the momentum transfer between the photons we have
t=(ky — ko)? = —2k1ky = 2w’ + 2w’ cos § = —2ww'(1 — cosh).
On the other hand,
t = (p1 — p2)? = 2m? — 2mpay = 2m(m — pag) = 2m(w’ — w),

ie.
2ww' (1 — cos 0) = 2m(w — w').
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Hence, the photon energy change after the scattering (the Compton fre-
quency shift) is
1 1
m(— —— ) =1-cos®. (2.120)
W ow
Let us consider separate terms on the right-hand side of (2.119) in the
laboratory frame:

m2 m m2 m

s—m2 2w

Summing them, we get

2 2 1 1 1
mwoo,_m :%(———):—5(1—0086).

s—=m?  u—m? w oW
Similarly,
u—m®
s—m?  w
and
dt = 2ww'd(cos 0) — 2w(1 — cos 0) dw' = —2(1 — cos 0)dt + 2ww'd(cos 0)
m

which, with the help of (2.120), leads to
dt = 2w d(cos ).
Inserting these expressions in (2.119), we obtain
4 I\ 2 /
e w 1 /w w 1 .,
do = pp— (;) [Z (; + J) ~1 sin 9] d(cos )
2\ 1 U\ W w 9
=|—| — (=) |=—4+ = —sin?0|dQ
(477 2m?2 (w) [w+w’ St ] w
where d€),, = 2md(cos 6).
For small energies w < m of the initial photon (Thomson limit), from

(2.120) follows w'/w — 1, the cross section becomes energy-independent
and we obtain the Rayleigh—Thomson formula:

2
do e2 2 —sin26
on — (E) oz (2.122)

(2.121)

Note that €?/4mm = 7, ~ 2.8 - 10713 cm is the classical electron radius.
This means that at small energies

Oey ~ T2,
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2.6.2 Compton scattering at high energies

Let us discuss the behaviour of the cross sections at high energies s > m?2.
For this purpose it will be more convenient to use (2.119).

s=0

(1) Consider first the region [t| ~ m? < s ~ |u|. In this case

et dt etdt d)

do ~ — ~ —
7 47t (m? — s)2  4ms? P

(2.123)

i.e. the cross section in the region of small momentum transfer decreases
rather fast with the growth of s.

(2) In the region of small u (i.e. at very large momentum transfer |t| ~ s,
s+t = O(m?)) the cross section in a unit solid angle,

etdt 1 ds?
Qo o 12

do ~ (2.124)

X —5,
8T s m*—u m

is larger and does not depend on s. This means that at high energies the
photons in the centre-of-mass frame scatter mainly backward, since

u = (p1 — k2)? ~ —2p2(1 + cos ) ~ —3(1 + cosh),

and finite |u| = O(m?) correspond to ™ — 0 ~ m?/s — 0.

How can we explain why the photons scatter mainly at 180°7 It suffices
to have a look at the two diagrams in Fig. 2.1. The first one corresponds to
interaction of point-like particles. Here only one partial wave contributes
so that the cross section does not depend on the angle (¢,u), and its size
is determined by the wavelength of the intermediate virtual state:
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Now look at the second diagram, the one that is responsible for the scat-

tering peak in the backward direction. The process described by the
graph

k1 474 D2

j4l ko

actually goes with a small momentum transfer |u| ~ m?. In this process,
however, the electron turns into a photon! The individuality of a particle
in relativistic theory is less important than the momentum transfer. It is
also clear why in this case the cross section does not fall with increasing
energy: the region where the photon can be absorbed is now determined
not by the small photon wavelength A\ but by the distance between the
interaction points.

virtual
electron

This distance can be estimated from the uncertainty relations. A virtual
electron exists during the time interval

1 1
At ~Y _— ~Y _—
AFE m
and propagates at a finite distance Ar ~ 1/m. This is why only the
u-channel exchange process is relevant at high energies, in accordance
with (2.124). The total cross section, however, remains small, since the
backward peak where the distribution is finite,

w o
dQ  m?’

is very narrow: |dS2| oc m?/s.
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2.7 Electron—positron annihilation into two photons
et +e” — 2y

t

The annihilation of an electron—positron pair into two photons is the ¢-
channel partner process of photon—electron (Compton) scattering. So, we
take the diagrams for the latter,

k1 ko kl/\f\/\/\/\/\, . P2
+
I VA VaVaVaVa
P1 P2 P1 ko
and carry out the substitutions
p2 = —p;3 , ki = —ki. (2.125)
The picture can be redrawn then as
p1 ka
D1 ko
NV VAVAVAY
+
I 2 VaVaVaN
Py ki
2 k2

The internal parts of the diagrams do not change and are still described
by the tensor M,,, as before.
The annihilation cross section has the form

1
do = 7 37 [022(p3)el? Myuef u (py) PdT
Xixg (2.126)
1 ) .
=—7 Tr [Myu(p1 + m) M, (m — p;)} dr.
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We have summed here over the positron polarizations in the initial state,

A —\ A
Y va@3)v3(p3) = —(m — H3)ag,
A

instead of summation over the electron polarizations in the final state in
the case of the Compton effect:

> up(p2)uh(p2) = (m+ p2)ag -

A
The minus sign on the right-hand side is due to the fact that u(—p) =
—0(p) while u(—p) = v(p). Apart from the overall minus sign, calculation
of the trace gives the same result, in terms of s,t,u, as in the case of
scattering. The Mandelstam variables, however, now have a new inter-
pretation: t is the total energy squared in the centre-of-mass frame, and
s,u < 0 are the momentum transfers.

Thus, the cross section in invariant variables reads

2
4 m? m? m? m?
do = —8e 3 +— + 5 T 3
m?2—s m?—u s—m? u—m

1 fu—m? s—m?
- - dr’
4<s—m2+u—m2>] ’
where dI' is the phase volume divided by the flux. It is different from
that in the case of Compton scattering, since both the phase volume of
two photons and the flux of the initial e~e™ differ from the phase volume
and the flux for an electron and a photon.

We have already calculated the invariant flux and the two-particle phase
volume in the centre-of-mass frame:

J = 4k E., (2.128)
L kg dQ)
16E2 k; (2m)?’

(2.127)

ar = (2.129)
with E,. the total energy and k;, ky the moduli of the c.m. three-momenta
of initial and final particles, respectively (see (2.113) and (2.115)).

In the present case, t plays the role of energy, t = E2. Let us find the

momenta k; = |p1| = |p3| and k; = k| = |ko| in terms of invariant
variables. In the centre of mass of two particles, p; = —pa2, |p1| = |p2| =
k, we have

Ec:p10—|—p20:\/m%—{—kQ—F\/m%—{—kQ,

Solving the quadratic equation for k& we obtain the general expression

k=

1
S VEL = 2B2(m? + m3) + (m} — m3)2. (2.130)
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In our case the initial state consists of two electrons (m; = mg = m), the
final state of two photons (m; = mg = 0), and (2.130) gives
Vit — 4m? t
ki = % k= Vi (2.131)
In the cross channel of the photon—electron scattering mi; = m, mo = 0,
E? = s, and we would obtain from (2.130)

s—m2

2V/s

(compare with (2.116)). The centre-of-mass momenta coincide because
for the photon—electron scattering the initial and the final state contain

the same particles.
Substituting (2.131) into (2.129) we derive

- 1 dQ
- 164/t(t — 4m?) (2m)%°

Writing df) in terms of invariant variables, we could obtain a relativisti-
cally invariant expression, valid in an arbitrary reference frame. We have
done such an invariant calculation above for the Compton effect.

Let us now analyse the annihilation cross section

ki = ky =

(2.132)

et 1 m? m? 2
do=— — +
2 t(t —4m?) |\m?—s m?—u

(2.133)
m? m? 1 fu—m? s—m? dQ)
s—m?2 wu—-m2?2 4 \s—-m?2 wu—m?)]| (2m)%
t = 4m?
t = 2m?

The physical region for this process is determined by the condition t >
4m?. The cross section (2.133) is obviously s <« u symmetric, as this
transformation corresponds to interchanging the identical final state pho-

tons. In terms of the angle § between the directions of the initial eTe™
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and the final photons in the c.m. frame, the momentum transfer variables

read
t —4m?
m?—s = 2(1—“%0080), (2.134)

t — 4m?
m°—u = — |1+ Tmcosé? . (2.135)

|

o
DN | <+

Transposing s and wu is equivalent to redefining the angle: § — © — 6.
We will discuss the behaviour of the cross section in two special cases:
at the threshold, ¢t ~ 4m?, and at very high energies t > 4m?.

2.7.1 Annihilation near threshold

In the threshold region, t ~ 4m?, we have dI' — oo with ¢ — 4m? and
the cross section becomes very large (do — o0). Physically this can be
understood as follows. The region t —4m? < m? corresponds to very slow
incident particles whose flux is very small: j & v < 1. The cross section
is the ratio of the probability of the process and the flux,

W2
daoc"’,

and therefore do — o0o0. One can ask why have we not observed a situation
like this in the case of elastic scattering, where the flux also goes to zero
at the threshold, j — 0. The reason is that, for elastic scattering, the
number of final states is also small when j — 0 so that |W|?> — 0 and
the ratio is finite. In the case of annihilation, final photons always have
finite energies, ky > m, even in the vicinity of the threshold ¢ = 4m?. The
phase volume of these final state photons therefore remains finite (does
not vanish) and hence the cross section turns out to be singular at the
threshold.

2.7.2 eTe™ annihilation at very high energies

Now let the annihilation energy be very large: t > 4m?. In the case of
large —s ~ —u ~ t/2 (which corresponds to scattering at large angles
6 ~ 90°) the cross section is

et dQ
4t (2m)%’

do ~ (2.136)

and decreases with energy.
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Consider the situation where one of the momentum transfers is kept
finite, for example, —u = O(m?) while —s ~ t > 4m?2. The cross section
in this kinematical region is

et 1 ds?
do ~ — ,
8 m? —u (27)?

(2.137)

and does not depend on energy.

The contribution (2.137) is due to the second diagram, which describes
transmutation of an electron into a photon with a finite momentum trans-
fer . Similarly, when —s = O(m?), —u ~ t > 4m? the main contribution
comes from the first graph, and

W~

e 1 ds}
do ~ — .
8 m? — s (2m)?

(2.138)

According to (2.134), (2.135) these regions correspond to very small
angles, § = O(2m/\/t) < 1 (finite s) or 7—60 = O(2m/+/t) (finite u). The
situation is similar to that in the case of elastic scattering: the photons
produced closely follow the direction of the colliding particles.

Comparing (2.137) and (2.124) we learn another lesson of what happens
in relativistic theory: at high energies (and the same momentum transfer)
the cross sections of two entirely different processes, Compton scattering
and electron—positron annihilation, coincide:

d annih. t_EQ 2\ ~ 64 dQ ~ d Compt. _E2 2
o (t= c>>m)_8(m2—u)(27r)2 ~ do (s =EZ>m")

(the corresponding kinematical regions are marked on the Mandelstam
plane below).

u=20

annihilation t

el
Compton effect
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2.8 Electron scattering in an external field

Consider the scattering of an electron off a heavy particle of mass M (a
proton, for example). If m < M and the momentum transfer ¢ is not
very large, this heavy particle will experience almost no recoil. Momenta
of the individual particles are related by

q=p1—py =py—p2. (2.139)
p1 Pl
m *
|
Vq
|
M |
D2 Ph
If the heavy particle M is initially at rest,
12 2
AUV LAY
D20 + oM + 2M

Its energy practically does not change provided q?/2M < M, so that we
can ignore the heavy particle recoil and treat the process as the scattering
of the electron by a static external field (gg ~ 0).

Let us assume that, like the electron, the heavy particle has spin %
First, consider photon emission by the heavy particle. Using (2.139) and
the Dirac equation, it is easy to prove the identity

2a(ph) (o + Phy) ulp2) = alph)[(B2 + P'o) v + (B2 + ') ulp2)
a(Py)[(—d + 20'9) 7 + V(202 + @) ulp2)
=AM a(ps)yuu(p2) + w(ps)[vud — Gyulu(p2)-

This gives for the heavy particle vertex

_ (p2 4+ Ph)u _ O
A(ph)yuu(pe) = == Py u(p2) — W(ph) = Fulpa),  (2.140)
where
Oy = Tpv = Wy (2.141)

2
We shall calculate the vertex in the non-relativistic limit M — oo, keeping
track of the first order correction terms O(|q|/M) < 1. The Dirac spinors
have the form

o) = m(%”) o () = m(%” )

0 WSD)\/
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where we have put ps = 0, p, = q, and neglected a quadratic correction
O(la[2/M?).

Calculating the first term on the right-hand side of (2.140) the lower
component of the spinor u(p)) can be ignored:

u(phy)u(pe) = 2M + O (%) ~ 2M . (2.142)

Let us examine
ﬂ(P’z) Ouv u(pQ)'

The terms containing og; = ~gy; mix the upper and lower components of
Dirac spinors and give a small contribution because

: 0 gl
ALY ~ 2M< * *o'_q) ~ M=
u™ (py) vi u(p2) Ry Vel B W iR

which expression is multiplied by another small factor O (|q|/M) in (2.140).
We are left with the terms containing matrices with the spatial indices

00} 0
Oi5 = i = 0 0i0;

sandwiched between the spinors. From the explicit form of the spinors it
is clear that the contribution of lower components to the products to;;u
is again negligible. Hence, we obtain from (2.140)
a (py) yout(pa) = 2M 4y,
Y A
a™ (ph)viut(p2) = qidax — 4 (¢} 0ijPr),
with accuracy up to the linear terms in |q|/M.

Thus, the scattering amplitude of the electron in an external field has
the form

T = e(a(pi)voulpr) - Aola) — a(py)viu(pr) - Ai(q)), (2.143)
where
2M 2M gi .[aq]i)
—_ J— +
Ap=e 2 Aj=e 7 © (2 +1 5 ©. (2.144)

In the derivation of the expression for A; we have used the identities for
the Pauli matrices

0i0;q; = i€;jk0kq; = —iloq];.
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The function Ag(q) is the Fourier component of the Coulomb field gen-
erated by the heavy particle.® The first term in the expression for A;
is the Fourier component of the vector potential created by the particle
convection current, while the second term is the Fourier component of the
vector potential created by its magnetic moment. The term proportional
to (eo/2M) corresponds to the usual Bohr magneton. In the case of the
electron, the magnetic moment coincides with the Bohr magneton.

For the proton one also has to account for the anomalous magnetic
moment flanom- Accordingly, we have to write (1 + fanom)[orq] in (2.144)
instead of [oq].

Scattering by an external field corresponds to the limit M — oo. The
expression for the cross section contains (2M)? in the numerator (coming
from |T|?) and (2M)? in the denominator (coming from the phase volume
and the current) which cancel each other. The terms in the amplitude
corresponding to the current and the magnetic moment tend to zero for
an infinitely heavy target. Hence, the cross section in this case will be
determined by the Coulomb potential of the source

e

AO = T 5>
q2

thus restoring the common normalization of the potential.

2.9 Electron bremsstrahlung in an external field

Due to conservation laws, a free electron cannot emit a photon. The
presence of an external field makes such a process possible. Consider the

diagrams
k e
T T

. .
I p2 b1 I D2
| |
| |
| |
| |
| |

b1

A, g + q

They describe the emission of a photon by an electron before and after
the scattering, respectively. The amplitude Fi,ems which corresponds to

* Compared with the ordinary scalar and vector potentials, Ao(q) and A;(g) contain an
extra factor 2M. As we will see in the next paragraph, this extra factor disappears
in the calculation of the cross section for electron scattering by a heavy Coulomb
source.
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these graphs can be written as

o mAptk
Firoms = eu(pz)emA(Q)u(pl) (
. 2.145)
o m+p—k
AlQ)————— .
+ eu(ps) (Q)m2 By — eu(p1)

We will consider only the two most interesting cases.

2.9.1 Emission of a soft photon by a low energy electron

In this case we have pjg >~ m, k < m. Due to the pole in the electron
Green function 1/(m — p; + k) the amplitude of this process is very large.
Physically this is due to the fact that the emission of soft photons begins
far away from the scatterer and takes place over a large region.

Let us calculate the numerators in (2.145) in the soft photon approxi-
mation. For the first numerator,

e(m + P2) + ek = (m — p2)é + 2(eps) + ek ~ 2(eps),
since
ep = EuPvYuYv = €EuPv (_'YV'Y;L + QQ;W) = —pé + 2(6]9).
Similarly, for the second numerator
(m + p1)é — ke ~ 2(epy).
Substituting these expressions in (2.145), we obtain

2(ep2) n 2(ep1)
m? — (p2 +k)? = m?— (p1 — k)

Fovoms = € 5 | @(p2) A(q)u(pr).

The function

A~

fs(q) = u(p2) A(q)u(p1)

is nothing but the electron scattering amplitude in the external field. The
bremsstrahlung amplitude becomes

ep1  €p2
F rems — — — |- 2.146
’ efald) [plk PQ’J ( )
In the non-relativistic case |p1| < m, p1k ~ mky. This gives
e
Fbrems = fs(q)k_o e- (V2 - Vl), (2147)

where vi o = pi2/m are the velocities of the electron before and after
scattering. The expression (2.147) coincides with the result given by
classical electrodynamics for the bremsstrahlung.
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Let us calculate the corresponding cross section:
d*k
(2m)°

The cross section for electron scattering in an external field has the form

1
derems - ?|Fbrems|2d4p26(p% - m2)(2ﬂ-)45(p2 + k— pP1— Q) 6(k2)

dpz

(27)?

Hence, we may write the bremsstrahlung cross section as

Ifsl2 3(p3 —m?*)(2m) 8(p2 + &k —p1 — q).

2 4
e 5 d*k 9
doprems = dos k_gle : (V2 - Vl)’ (271')3 5(k )
With the help of the relation
d*k dkokdk? dkg ko
5(k%) = —o—a0(k§ — k*)dQ = —dQ
(2)3 (k%) (2m)32 (ko ) (2m)3 2
we get
e? dk
derems = dO's 1673 |e . (V2 — V1)|2ko—OO,
or, taking into account that e?/4m = o = 1/137,
o dQ) dk
dgbrems = do—s% |e : (V2 - V1)|2 o ]COO (2148)

We see that (doyrems/dko) — oo when kg — 0, and the total cross section
is logarithmically divergent in the small frequency region. Integrating the
cross section over photon energy from kgmin t0 kgmax We obtain

kO max

doy = dog 23 le- (va—vi1)?-2In (2.149)
s

kO min
The frequencies of the emitted photons are limited from above by the
energy of the electron, kgmax < p1o ~ m. The lower limit, kg min, however,
can be chosen within our approximation to be arbitrarily small.

An attempt to include very soft photons by putting kgmin = 0 imme-
diately leads to a difficulty in the form of an infinite cross section. This
problem is called the infrared catastrophe.

The reason for it is pretty obvious: we are attempting to use the lowest
order approximation in the coupling constant « in the region where it
is not valid any more. Indeed, (2.149) establishes the criterion for the
applicability of the lowest order approximation in «. It is valid only when
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the bremsstrahlung cross section may be considered as a correction to the
cross section of the process without bremsstrahlung, i.e. when

a kO max
—In

< 1.
m kOmin

If this inequality is violated, processes with emission of more bremsstrahl-
ung photons are not suppressed and should be taken into account.

We can easily understand this from another perspective. At k — 0 we
have a classical electromagnetic field which means the presence of a large
number of photons. Naturally, in this case we cannot restrict ourselves to
a process with the emission of only one photon. We shall return to this
problem later when we discuss higher order corrections.

2.9.2 Soft radiation off a high enerqgy electron

Now consider the second case of bremsstrahlung when

k
po>m, — <1, (2.150)
P1o

Neglecting the terms ¢k in the numerators of (2.145), we get, as before,

€p1 €p2
Frems:es |:—_—:|
b fs(q) ik pok

Further, for the photon emitted at angle 6, we have

m2

2p?

)

(p1k) = p1oko — |p1lko cos 61 = |p1]ko [1 —cosf +

since, due to (2.150), p1g can be expanded as
2

m
P10 = \/m2+p% ~ |pi| + m

For small emission angles 1 — cos f1 ~ #7/2, and introducing 63 = m?/p?
we can write

3
(mk) ~ % (63 +63). (2.151)

If 6, < 1, 8y < 1, the denominator in the amplitude will again be small
and the probability of bremsstrahlung will be large. In other words, the
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bremsstrahlung photons are emitted mainly at small angles.

Az

T b2
The numerator in the expression for the amplitude equals

(ep1) = —|p1|sinty ~ —|pi|61

(the photon polarization lies in the scattering plane {pj,p2}). Similar
expressions can be obtained for the second term of the amplitude. The
result is 5 9 9
e 1 2
Fbrems - _fS(Q) ? 6% +68 - 9% +08 :
The large electron momenta have cancelled.

The expression (2.152) shows that if the electron is scattered at a small
angle, 0; < 0, ~ 05, the photon emission amplitudes before and after
scattering are subtracted from each other, and there is practically no
bremsstrahlung. (No scattering — no radiation.) If, however, the scat-
tering goes at a sufficiently large angle, 85 > 0, one of the two ampli-
tudes can be much larger than the other, so that the cancellation will no
longer occur. This happens in two cases: 02 ~ 6 > 61 or, vice versa,
91 >~ 93 > 92.

This means that in the relativistic case the bremsstrahlung is concen-
trated inside two narrow cones, 1 < 05, 02 < 0, the axes of which are
directed along p1 and ps. These cones are absolutely identical.

As an example, let us consider the photon emission cross section in one
of these cones:

(2.152)

4e? 67 d*k6 (k>
dOhrems = do'si 1 ( )

(07 +05)% (2m)® 7

or, using the relationship

d*k 6(k?) kodkg
= 2
e 22 7wd cos 6,




2.10 The Weizsdcker—Williams formula 137

262 dko (92 « dko 92d02
A0 prems = A0 g—= —=27 80 01d0] —5——5—= ~ dog— —— — .
7 T8 k2 022 T YT Ty (67 + 62)2
In the case of large-angle electron scattering, 65 ~ 1, integrating over the
photon energies and photon angles in the cone 8y < 6; < 0, we get the
total bremsstrahlung cross section in the form

a . komax 62 a |p1| p%
doy = dos—1 In—=5 ~ dos—1 In —; 2.153
ot 7 m " kO min " (9(2] 7s ™ " kO min " m?’ ( )

since komax ~ |p1/, 0o = m?/2p? .

Hence, the total cross section of photon bremsstrahlung accompanying
large-angle electron scattering grows with the energy of the projectile as
the logarithm squared. This invalidates our single-photon approximation
at large energies as well.

2.10 The Weizsacker—Williams formula

Consider the following situation. Let a light particle hit a heavy one (for
example, a nucleus or a proton). In the course of the scattering process,
various particles (systems of particles) may be created (for example, in
the previous section we considered emission of a photon):

(anything)

P1 P P1 P

| |

| |

¢ |~ + |

Ze : :
p P’ P P’

Fig. 2.2

The amplitude for Coulomb scattering of a particle contains the factor
1/¢% (¢*> = (p—p')?), i.e. the main contribution to the cross section comes
from small ¢?>. Can we not derive some general conclusions about such
arbitrary processes if the energy of the incoming particle is large, and the
momentum transfer ¢ is small?
Suppose that
2

@ <1 and % > 1.

m m
For small ¢?, the photon is almost real. Then the scattering can be
considered as a two-stage process: first the nucleus emits a photon, then
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a particle is scattered by this photon, and arbitrary particles are emitted,
i.e.

Fig. 2.3

Let us consider the whole process in the rest frame of the electron
(p1 = (m,0)). In this reference frame the nucleus with a high velocity

hits the electron.
( ) m

M

The Coulomb field of a fast particle is compressed in the direction of
motion. We will show that this field can be represented by an ensemble of
almost real photons. In this case the cross section for the whole process
in Fig. 2.2 may be written as

dow = doc(q)n(q)d’q, (2.154)

where n(q)d3q is the number of photons emitted by the nucleus in the mo-
mentum interval d3¢, and doc is the cross section of the photon—electron
scattering in Fig. 2.3. The density n(q) represents the probability of find-
ing a photon with momentum q in the Coulomb field of the fast particle
and can be calculated from the expansion of the electric and magnetic
fields of the nucleus in plane waves in the rest frame of the electron, as
was done by Weizsdcker and Williams [2].

We will calculate this density in a different way. The amplitude for the
real photon (¢? = 0) scattering off an electron in Fig. 2.3 is

Fo = M,(q,p1,--.)eu, (2.155)

where ¢? = 0, since the photon is real. On the other hand the electron—
proton scattering amplitude in Fig. 2.2 can be written as

Ze
Fy = ?(p + ") uMu(q.p1, - - .). (2.156)

Let us find the connection between these amplitudes. If one could assume
that in (2.156) ¢? equals zero everywhere except the pole factor, the fac-
tors M, in these two expressions would coincide. This is a reasonable
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assumption, since |¢?|/m? < 1 and so ¢? is small compared to all other
momenta entering M,,. Due to current conservation we have

quM, =0, euqu = 0. (2.157)

Let us choose the z-axis in the rest frame of the electron along the direc-
tion of the proton momentum:

p = (po, p=,0,0), (2.158)
and
p—q=p, p*=pi=M>.
Then,
p—q’=p"=M> = —2pq+q¢ =0
or, due to (2.158),

2M?

2
Qo+ =0. (2159
Do + Dz ( )

—2(pogo — p=q=) + ¢° = —2p=(q0 — ¢=) —
The proton momentum is large, pg ~ p, > M, and we derive from (2.159)
@ Mg
2p0  2pj

q0 — gz = (2.160)

This difference is very small, |go —g.| o py ! while the photon momentum
components may be rather large, qo,q. > m (up to qo, g x po).

Let us call q; the component of the photon momentum in the plane
perpendicular to the z-axis. Then we have (¢, =|q.|)

=g - —at ~ 20— ) —dqf, (2.161)

which shows that ¢2 ~ —qi. This means that the virtual photon is
relativistic: qo ~ ¢, > m > q1 ~ /—q¢>.
Now consider the factor

(P+P)uMu(a;pr,-- ) = (2p — @) M,
in (2.156). Due to current conservation, the right-hand side equals
2p, M, ~ 2po(My — M.).
At the same time,
@M, = qoMy — M, —q1 - M| ~ qo(Mo— M.) —qy -M, =0,

or
_ q -M;

q0

My — M,
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For the amplitude in (2.156) we thus obtain

2
(p +p,)uMu = % q. -M;. (2.162)

Hence, the amplitude for electron—proton scattering depends only on the
transverse projection of the virtual photon—proton amplitude. Physically
this means that what makes our virtual exchange photons quasi-real is
not only small g2 but also that their polarizations are practically the same
as for the real photons.

Now consider scattering amplitude e, M, in (2.155) for the real photon.
In the radiation (Coulomb) gauge

e-q=0 and ey =0. (2.163)

This gives
eMMM = _ezMz — e - MJ_.

However,
e:q-+e1-qu :07

and due to the smallness of the ratio ¢, /¢, < 1, the longitudinal compo-
nent e, of the polarization vector is also small:

€, = _errdl LK e].

qz

This means that in our kinematics the real photon polarization vectors
are transverse not only with respect to the photon momentum, but they
are practically orthogonal to the momentum of the fast particle as well.
Hence, the scattering amplitude in (2.155) depends only on e, and we
have
M

epVly = —eJ_'MJ_. (2164)

Thus, physics is completely determined by the transverse part M | of the
photon scattering amplitude both for the virtual photon in (2.162) and
for the real photon in (2.155). Note that ¢; < m, and the amplitude M
does not depend on the direction of q . Calculating the cross section we
are going to average over two transverse polarizations e | (eﬁ_ = 1) for the
real photons, and integrate over all transverse directions for the virtual
ones. Bearing this in mind, we can simply use the normalized vectors

q./y/q? as the polarization vectors in (2.155), and the amplitude (2.156)
may be written as

2 2
(p+p)M, = %(u (el -M,) = —% q. Fc,
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and 709
e
Fy = -2, Fo. (2.165)
a” dqo
The cross section dow for electron—proton scattering in this approxima-
tion has the form

2262 <2p0)2 ) 1 d4pl

dow = ) (p'2 — M?) x 4mqq

@ \ao ) “ampy oyt
1 d*k16 (K2 —m?) ... d*kno04 (k2 — m2)
F, 2 +\1 1 nY+\vp n
X [ 4mqol cl @) (2.166)

d4p, ’
- mﬂ '

x (2m)% (p+p =D ki —p —p})
Taking into account p — p’ = ¢, we have

5(171 +p—zk‘z‘—p/—p/1) :5(P1+q—zki—p/1)-

Observing that the expression in the square brackets in (2.166) is nothing
but the cross section doc of the electron—photon interaction in Fig. 2.3
we arrive at

7% (2po\? 5 o diq
dow = (—) g1 — doc(q 5(—2pq + ¢°),
R A ( )(27T)3 ( )

d*q = dqodq.d*q, .

Integration over qq is trivial due to the d-function (which gives 2pg in the
denominator), and we obtain

dow = n(q) doc dg.d*q. (2.167)
where
z%e* 2¢5 7o ¢4
(2m)3 qoq* 7 qoq?

is the momentum-space density of photons emitted by the proton. Let us
write the cross section (2.167) (using go ~ ¢.) as

n(q) = (2.168)

Z2adgy ¢3 d*q.
w2 q ¢

dow = doc (2.169)
We started the discussion of electron—proton scattering with the idea that
the region of small photon virtualities |¢?| < m? (small momentum trans-
fer g1 < m) gives a large contribution to the cross section. Let us check
if this is what we have obtained.
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Combining (2.160) and (2.161) we see that

2 2

2 ) o, M7q5

—q <1——):qj_—|— .
Po v}

Then ¢* ~ q‘i in a wide interval of momenta

2 2
g _m @M 2 2
T —<1 <P <«m
po M v} ’

and the integral over ¢ in (2.169) is logarithmically enhanced:

ZQ(X@ n pim?

dow = doc (2.170)

T g @M
We still have freedom to transfer different energies. Integrating our log-
arithmic distribution (2.170) over ¢p over a wide interval of energies
m < qo < pom/M, we obtain’

Z%a PE
dow = dog—— In? 22
oW oC T n M2

The double-logarithmic enhancement factor makes this cross section large
at large energies. The enhancement is due to a large number of quasi-
real photons surrounding a fast proton, and the large density of these
photons compensates for possible smallness of the cross section per pho-
ton. Hence, scattering of a fast particle with small momentum transfer
(the Weizsdcker—Williams-type process) can serve as an intense source for
production of different particles at large energies.

The very first experimental lower limit for the mass of the W-boson
was derived long ago just from a WW-type process. The weak interaction
looks as follows:

(2.171)

W+

How can the W-boson be detected? The neutrino practically does not
interact. However, due to the electromagnetic interaction of the muon

f Here the cross section of the Compton-type process has a finite high-energy limit
doc(s) — const for s = (p' 4 q)? ~ 2mqo > m?, see Section 2.6.2.
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with the nucleus

* *
I
I
I
I
I

Ze

the cross section for scattering on the Coulomb field of the nucleus is
large. From this process the bound mw > 5 GeV has been obtained.
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General properties of the scattering
amplitude

3.1 Symmetries in quantum electrodynamics

Quantum electrodynamics is relativistically invariant, it was constructed
this way. In addition, QED is invariant with respect to some discrete
transformations which cannot be reduced to the Lorentz transformations
proper. They are

P - inversion of the space coordinates: x’ = —x,
T - the time reversal: t' = —t, and

C — charge conjugation, i.e. replacing all particles by antiparticles.
(Existence of antiparticles does not imply that they interact in the
same way as particles. We know that free particles and antiparticles
are indistinguishable, but the similarity may end there.)

We shall show that QED is invariant under each of these three symmetry
operations.

8.1.1 P-conservation

Under reflection of space coordinates, momentum p,, of the electron trans-
forms as

(po,P) = (P, P") = (po, —P),

since p is an ordinary three-dimensional vector, while the energy py does
not change, because it depends only on velocity squared v2.

The electron is described not only by its momentum but also by its
spin Cu; puCu = 0, (2 = —1. For the electron at rest Cu has only spatial
components,

C;L = (OaC) .

144



3.1 Symmetries in quantum electrodynamics 145

For the electron moving with velocity v the spin four-vector becomes

(v-9)

NI

/ C /
CH:\/%—VQ7 ¢1 =«

How does the electron spin transform under the P-inversion? Due to
similarity between spin and the classical angular momentum, J = [r X p],
we conclude that ¢ is a pseudovector, that is, it does not change sign
under the spatial inversion. From (3.1) it is then clear that (y changes
sign together with velocity. So we have

G =
(3.1)

P
pu — P = (po, —p),
P
Cu — C;: = (=€0,¢)-
Now we can compare the amplitudes of one and the same process before

and after the spatial inversion (that is, the process in two coordinate
systems with opposite senses). Consider the scattering process

(3.2)

§1,p1 &3, D3
(3.3)
§2, P2 4, P4
which after inversion of the spatial coordinates turns into
£, . &5, 1
(3.4)
&, vl &40l

where the dashed momentum and spin variables in (3.4) are connected
with those in (3.3) according to (3.2). Symmetry with respect to space
reflection would mean equality of these amplitudes.
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Let us check if this is the case. The two amplitudes differ only in the
spinor factors. The upper line in (3.2) contains the factor

,a(pffn 43)’7;1“(291’ Cl)a
while the respective factor in (3.4) is
(P, )y (phs C) -

How do these factors differ? The spinors u(p, () are determined by the
equations (2.29):

. (3.5)
(75¢ = Du(p, ¢) = 0.
Similarly, for u(p’,¢’) we have
(plA_ m)u(p/’ C/) = 0, (36)
(v5¢" = Du(p’,¢') = 0.

To relate the two spinors we observe that the first equations in (3.5) and
(3.6) differ in the sign of p - v terms, while the second equations differ in
the sign of v5(y.

Multiplying (3.6) by 7o from the left and recalling that y anticommutes
both with 4 and ~5, we see that the spinor you(p’, ') satisfies the same
equations (3.5) as the spinor u(p,(). This means that the two spinors
coincide (modulo an irrelevant phase factor |n| = 1):

u(p', ") = ou(p, (). (3.7)
Similarly, for the Dirac conjugate spinors one obtains
a(p',¢") = a(p,{)o- (3.8)

Thus, the vertex function in (3.4) takes the form

P;L = a(pi‘jﬁ C:;)’YMU(P/M Ci) = a(p-ga C3) ’YO’YM’YO u(pla Cl) ) (39)

i.e.
F6 =TIy, T\ =-T;. (3.10)

)

We see that under spatial inversion the electron—photon vertex changes.
However, our scattering diagram includes two vertices, and the ampli-
tude describing the scattering process remains unchanged. (The same is
true for any diagram with virtual photons which, obviously, has an even
number of vertices.)
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In the diagrams that include photon(s) in the initial/final state, the
corresponding interaction vertex is always multiplied by the polarization
vector ef; of a real photon. In this case

/D N A
I‘Heﬂ = I’ﬂeﬂ,
since ef; is an ordinary vector and its space components also change sign

under space inversion:

/
e; = (ep, —e").

Ly

We conclude that electrodynamics as a whole is P-invariant, because it is
constructed on the basis of the vector vertex

It is easy to construct an interaction vertex that violates P-parity. Con-
sider, for example, V—-A interaction, described by the vertex

I' = ay,(1 —ys)u. (3.11)

Repeating the same steps as for the vector vertex above we would obtain
the V-A vertex in the reflected reference frame (compare with (3.9)),

I = @y (1 — 75) You = @ Y070 (1 +75) w, (3.12)

Due to the opposite relative sign between the entries in the bracket (1+-s)
this spatially reflected vertex is essentially different from (3.11). This
means that the V—A interaction does not conserve parity, and in this
case one can experimentally distinguish left from right (the right- and
left-handed reference frames). This is possible (and not so strange) if a
particle lacks the left—right symmetry itself, i.e. has an inherent chirality
(like a screw).

This is exactly what happens in real weak interaction with the basic
vertex (3.11).

8.1.2 T-invariance
A classical scattering process

Vi V3

— Vi,V — V3,Vy

N
TN

Vo V4
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after time inversion t — t' = —t turns into the process
—Vi —V3
t
-

Invariance with respect to time inversion implies equality of the ampli-
tudes of the initial and time-inverted processes.
Again, let us consider electron scattering:

/ /

P1 P3P Pl
r_ (3.13)

/ 7

P2 2 Py b2

Obviously, after time inversion p’ = (pg, —p). To determine what happens
with spin variables, we again use the similarity between spin and the
classical angular momentum J = [rxp]. Under time inversion the classical
angular moment changes sign together with momentum, and so should the
quantum spin vector . We have, therefore,

P
Pu — Py = (po, —p),

p (3.14)
Cup — C,: = (¢0,—¢)-
Do the amplitudes (3.13) coincide?
Let us compare the upper vertices in the two diagrams:
Ly = u(ps, 3)vuu(pr,C1) (3.15)
and
Uy = a(py, )P, G5) = u' (05, G e’ (01,1 (3.16)

where we write the latter vertex in terms of transposed quantities to
change the order of spinors. We have to connect u " (ph, ¢4) with u(ps, (3),
and @(py, ¢1) with @' (p}, ¢}). Clearly, such a relation will contain complex
conjugation.

From the equations
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we obtain the equations for the transposed spinors:

u" (@, )P T —m) =0,

" (3.17)
u' (0, ) Ty = 1) =0.
Ordinary equations for the Dirac conjugated spinors are
U paC ﬁ -—m)= 0,
B (. ) R ) (3.18)
u(p,¢)(15¢ —1) = 0.
The first equations of (3.17) and (3.18) contain
pove + Py = Poro — i+ D22 — P33 (3.19)
and
PoYo =P = PoYo — P17 — D272 — P33 (3.20)
respectively. In (3.19) we have used 7{ = —71, 74 = —73, while the

matrix ~» is invariant under transposition, 7; = 72 (together with 7(—]'— =

0)-
In the case of P-parity considered above, we managed to ‘equalize’ the

equations (3.5) and (3.6) by multiplying the spinor u(p’, (") by vo. Now,
to obtain a relationship between @(p,¢) and u' (p/,¢’), we need somehow
to change the sign of 75 in (3.19). This can be achieved by multiplying
this equation from the right by the matrix ivyy17y3. (We have inserted
i here to ensure that nothing changes after the double time reflection:

(i707m73)° = 1.)
Indeed, after multiplication by iy9y17y3 (3.19) turns into (3.20):

(PoYo — P171 + P2y2 — P373)%07173 = Yo(Poyo + P1y1 — P2y2 + P373)7173
= Y071 (—=Povo +P171 +D2Y2—P373)73 =Y07173(P0Y0 —P1Y1 —DP2Y2 —P373)-

It is straightforward to verify that the same operation ‘equalizes’ also the
equations for spin vectors — the second lines in (3.17) and (3.18).
Thus, u ' iyyy173 satisfies (3.18), and we can identify the two spinors:

u' (0, ) ivoms = a(p, ).
After simple algebra we arrive at

u' (p/,¢') = —iu(p, ¢) v3m0,

3.21
a' (0, ¢) = ivomys u®,C). (321

Inserting (3.21) into the vertex (3.16), we obtain

0,0, ¢") = alp, ¢) v371177, 07173 u(p, ) | (3.22)
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which results in
0=To, Ij=-T;. (3.23)

)

We see that the time inversion changes the electron—photon vertex the
same way the space reflection does. Our scattering diagram, however,
includes two vertices, and the amplitude describing the scattering process
coincides with the amplitude for the time-inverted one. (Which is true
for any diagram with virtual photons only.)

In processes involving real photons, an external vertex is always multi-
plied by a polarization vector eﬁ. Spatial components of the latter change
sign under time reversal*, so that

A A
Te, = Tyue,. (3.24)

Hence, electrodynamics is T-invariant.

3.1.8 C-invariance

Is quantum electrodynamics invariant under replacement of particles by
antiparticles? To answer this question we need to compare the processes
for particles with those for antiparticles with the same momenta but with
opposite polarizations. (The polarizations should be opposite since we
have already found in Section 2.1 that the transition from particle to
antiparticle implies ¢’ = —(.)

Let us compare the scattering amplitudes

Slapl 537]73 giapll é.éapg
e~ et

and
e~ et

52’1)2 : 54’1)4 géapé géll’pﬁl

The interaction vertex of the positron scattering amplitude in terms of
spinors v has the form

o(p1)yuv(p3), (3.25)
where v(p) satisfies

* Notice that this transformation law respects the condition (euk.) = (e k) = 0
which we imposed on physical photon polarization vectors. In essence, e is a vector
potential A which transforms under time inversion like velocity v of the charge it is
created by.
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Using the relations between v and w spinors following from (2.48),

v’ (ps) = —u(ps) C, (3.26)

we derive

I, = 0(p1)yuv(ps) = o' (p3)v4 ' (p1) = —a(ps) Cy,l C upr) =T,
(3.27)

since
T e
v, C 1= Yy -

By reflecting one vertex we turn to the ete™ (u-channel) scattering am-
plitude. In this case, as we have learned in the previous chapter, the
annihilation amplitude enters with a plus sign, while the Coulomb scat-
tering amplitude acquires a minus sign which reflects Fermi statistics of
the e“e™ pair in the s-channel. Thus, although the vertex itself is invari-
ant under charge conjugation, the amplitude is C-odd. It is possible to
attach this minus sign to the vertex, so that

r, =% -T,. (3.28)
This is natural from the point of view of the non-relativistic quantum
mechanical analogy, where the photon emission amplitude is proportional
to the electric charge of a particle, e for an electron, (—e) for a positron.
(It is worthwhile to notice that such a convention reproduces itself in more
complicated processes with more than one photon attached to the positron
line. Indeed, in adding a photon we add one vertex and one positron
propagator to the diagram. According to (3.27), the vertex I'etr_e+y,
written in terms of the v spinors, is identical to I's-_,.—. The additional
minus sign to be ascribed to it then comes from the positron propagator
(2.59), so that the prescription (3.28) remains valid.)

Like in the case of other discrete transformations, the fundamental
vertex changes after charge conjugation, but our scattering amplitude
Ag-o- — Agter does not.

As usual, we have to consider separately the case of an odd number of
vertices, that is, the case of external real photons. Since the amplitude
(effectively, the vertex) changes sign, (3.28), the theory will be C-invariant
if the polarization vector changes sign too:

ey < €= —Cpu. (3.29)

Discussing P- and T-symmetries, we used a classical analogy between

spin and angular momentum to find out how e, transforms under these
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operations. Charge conjugation is a new symmetry that does not have
a classical analog. Therefore we simply postulate the transformation law
(3.29).

This condition can easily be satisfied, since generally speaking the wave
function of a neutral particle transforms into itself under charge conjuga-
tion only up to a phase factor, which we can always choose at will.

Charge conjugation invariance and negative charge parity of the photon
(3.29) impose strong restrictions on electromagnetic processes. For exam-
ple, the transition of two photons into three is forbidden since the initial
two-photon state has positive charge parity, while the wave function of
the final state changes sign under charge conjugation.

We have obtained the following transformation laws for the wave func-
tions under discrete transformations:

P: o u@,) =ulp,),
T: ' ¥.¢)=—ia(p,¢)¥3717: (3.30)
C: v'(p, ) =—ialp,¢) .-

Quantum electrodynamics is invariant under each of these three transfor-
mations.

We have discussed above the weak interaction V—A vertex as an ex-
ample of a parity violating interaction. Let us consider now how this
interaction behaves under time reversal:

Yu(L = 75) = 017371 = 5)] 13m0 -

Since 7; = 75 and anticommutes with all v, it is easy to see that

07179301 = 75)] T = MY s (1—75),

which means that weak interaction is T-invariant, in the same way as in
QED.

At the same time, an interaction of the form, say, u(1 4 ~5)u would
violate T-parity:

T
(1+795) = vom73 (L+7) 1170 =1 -7) # 1+175).
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Let us return to weak interaction. Under charge conjugation the vertex
transforms as

C (1 =) TC=Cy (1 +795)C = —yu(1+75) .- (3.31)

We see that weak interaction violates charge conjugation invariance C', as
well as P-parity. It respects, however, the so-called combined inversion,
C P, since each of the two transformations changes the relative sign of 5
in (3.12) and (3.31):

P C
Y1 =5) = V(L +95) = (1 = s5) -

C P-invariance of weak interaction means that although it is P-odd we still
cannot distinguish left and right, because we just do not know whether
we deal with a particle or an antiparticle. We only know that if what we
call a particle is left-handed, its antiparticle will be right-handed.

3.2 The CPT theorem

What will happen if we carry out, one after the other, all three discrete
transformations? The momenta and spins stay intact:
P T C
b= (pOap) - (p(], _p) - (p(]ap) B (PO,P)a
P T c
C = (COaC) B (_C07C) I (_C07 _C) - (COaC)

The spinors under discrete symmetry operations transform according to
(3.30), which relations are equivalent to

(3.32)

u(p, ¢) - u(p', —¢') = v ulp,C),
u(p,¢) = (@, ¢') = —imysu(p,C). (3.33)
u(p, ¢) -5 v(p, =) = ing u* (p, C)

(where a' = (ag, —a)).
Carrying out the chain of three transformations, we arrive at

u(p, ¢) 5 up', —¢') = vou(p, ¢)
L w(p, —¢) = —ims (0w (p, Q) (3.34)
CTP

— v(p, ¢) = 172 (i71737 u) = 117273% U = iY5 u(p, ().

Thus, we have obtained

u(p, ¢) L v(p,¢) = ivsulp, (). (3.35)
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Diagrammatically the discrete transformations look as follows:

p17£1 p37£3 p17£1 p37£3 p3,
P z
—

—&3 1 —p3,—& —p1,—
P2, &2 pa,€a P5, & p1, €4 4, —&a -

£ z

S —pa, =& —p2,—&2
We see that after the C'PT transformation all momenta and polarizations
in the spinors u(p, ¢) change signs. Since the particle spinor u(—p, —() de-

scribes the antiparticle with momentum p and spin vector ¢, we conclude
that the C PT invariance means that the amplitudes of the process

P1,C1; P2, G2 — 3,035 P4, Ca

for particles and antiparticles coincide.

Quantum electrodynamics is obviously C PT invariant, since it is invari-
ant under each of the discrete transformations. C' PT invariance of quan-
tum electrodynamics may also be be verified directly using the spinor
transformation laws obtained above. Indeed, using the relation (3.35),
and its conjugate

2_}(pa C) = —Zﬂ(p, C) Y55

we obtain

I, = 9(p1)vuv(ps) = w(p1)v5vuv5u(ps) = —t(p1)yuu(ps).-
On the other hand,

P T c
ey = (€0, e) — (eg, —e) — (ep,€) — —e,

and hence
VA
I‘Heﬂ =Te,.

It is worthwhile to notice that, whatever the structure of the interaction
vertex,

POCl? 757 7#7 7}/757 7#7V---7

the law (3.35) guarantees C'PT invariance of the interaction.

Is it possible to invent a C' PT violating interaction which is, at the same
time, relativistically invariant? Obviously not, because the signs of the
four-momenta and the polarizations may be changed by a complex Lorentz
transformation. In other words, C'PT transformation is an element of the
Lorentz group if the amplitudes are analytic.
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We can thus state that C PT invariance is a fundamental result of our
theory, namely, of relativistic invariance and of causality. On the other
hand, violation of the invariance under P, T', C, CP, PT, T'C does not
contradict any fundamental property of the theory, it is just connected
with concrete properties of the interacting particles. In fact, none of these
symmetries is ever strictly valid. The C'PT theorem can be understood in
the following way. Particles and antiparticles have built-in screws, clocks
and charges. If we associate a definite (right or left) screw, arrow of time
and charge with a particle, its antiparticle will have the opposite screw,
the opposite arrow of time and the opposite charge. However, all these
properties are relative and there is no absolute way to say which object
should be called a particle and which an antiparticle. Likewise, there is
no way for us to figure out if we are living in World or anti-World.

3.2.1 PT-invariant amplitudes

Let us discuss a useful relation which holds for PT-invariant interactions.
PT-transformation does not change the momenta

PT
(po, P) — (o, P):

while the spins change signs:

(60, ¢) 5 (=G0, —C).

PT-conservation means equality of the amplitudes

A(p17 C17p27 CQ;p37 <37p47 C4) = A(p37 _C37p47 _C4;p17 _Clap27 _CQ)
(3.36)

In terms of the S-matrix elements this means

Sap = 55

ba’

(3.37)

where ~ denotes spin flip.

Instead of the spin variables (y,(s,...,(, we can describe matrix el-
ements by another set of quantum numbers, namely, by the moduli of
the relative angular momenta, J?k, and the total angular momentum,
M?2, M,. Then the matrix elements are independent of M., the projec-
tion of the total angular momentum, since physics cannot depend on an
arbitrary choice of the z—axis. Therefore, in such a basis the PT-invariant
S-matrix is symmetric:

Sap = Sha. (3.38)
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3.3 Causality and unitarity

It is usually assumed that the amplitudes of real processes must satisfy
the conditions of unitarity and causality. Let us consider in detail what
these conditions mean, and what restrictions on the amplitudes they lead
to.

3.8.1 Causality
Consider the Compton scattering process

k %

xlw
T

/

p p

neglecting the spins for the sake of simplicity.

From the point of view of causality we are interested in the dependence
on the positions of the points x1, x2, and we write the amplitude in the
form

F = /eik/mrikmlfpp/(xl,x2)d4x1d4x2, (3.39)

where
fop (1, 22) = /eip/”_ipylf(xl,w;yhy2)d4y1d4y2- (3.40)

Due to translational invariance (i.e. the homogeneity of space-time) the
amplitude f(z1,22;y1,y2) depends only on the differences between the
coordinates. Therefore, under the replacement

vi=wita, yi=vyita (3.41)
the function f,,y in (3.40) transforms as follows:
fop (21, 22) = ei(p/_p)afpp’(xll,xé)a (3.42)
and can be written as

Ly T1+xy ~
Jop (21, 22) = el —p) =57 Jop (22 — 21). (3.43)

Then, introducing the variables x9; = 9 — x1 and %(3:1 + x2), we obtain
for the amplitude F' in (3.39)

o pNT1HER | oy T —xg o NT1tEg ~ xr1 + X2
F:/ez(k k) L2 ik 1 h) DSR2 i —p) L fpp/(xQI)d4Td4x21-
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Integration over the sum (z7 + x2)/2 gives
F = (2n)'o(p+k—p' — k) f(k K p.0),

where
(k+k")

f(k,Ksp,p') = /ei 72 fop(w21) d'zar. (3.44)
Conservation of the energy—momentum is as usual a result of the transla-
tional invariance. The d-function in the amplitude arises due to space-time
homogeneity.
What is causality in terms of the scattering amplitude in (3.44)? It
tells us that the regions of integration

To0 < T1p and 23y <0

should not contribute to the amplitude. Physically this means that if
a beam of particles scatters on a target, secondary particles cannot be
emitted before the projectile hits the target. Hence, fpp/(x21) should have
the form

Fopr (@21) = 0(w20 — 10)0(25) ) p(w21) + ¢ (w21), (3.45)

where the contribution to the amplitude (3.44) of the function ¢'(z21)
vanishes after integration over xs;. Such an additional term is allowed.
(The fact that (3.44) looks like the Fourier transform, does not necessarily
imply ¢'(z12) = 0. Indeed, we are considering on-mass-shell particles,
ko = VK2, ki = VK2, so that the momentum k + &’ has only three
independent components rather than four.)

Let us assume that the function f,,/(x12) has the form (3.45), i.e. causal-
ity is in place. We specialize to the case of forward scattering when k ~ &/,
p ~ p/, and choose k to be collinear to the z-axis. Then from (3.44) we
have

Plhkipp) = [ dzeomiefa) = [ dla et f @) = fiko)
3 (3.46)
The representation of the function f,,(x) in the form (3.45) means that
contribution to the integral in (3.46) comes from the region

z0 >0, x%—z2>ﬂ:2+y2>0 = xg—2>0.
How does the latter inequality affect the properties of the amplitude f (ko)
as a function of energy? We wrote our amplitude for real (positive) values
of ky. However, once the integral is well defined (converges) on the real
axis, it will converge even better in the upper half-plane Im kg > 0 of the
complex variable kg, due to zg — z > 0. In other words, causality leads
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to analyticity of the amplitude in the upper half-plane. (This conclusion
may be reversed: if the amplitude is analytic, it can be expressed in the
form (3.46).)

Causality is the real reason why all the amplitudes we deal with in a
field theory are analytic in momenta: they are either given by explicitly
analytic formulae, or expressed in terms of series that have to have definite
analytic properties.

Thus, if f(ko) has a singularity in the upper half-plane, it cannot be
causal. How about the behaviour at large ko, |ko| — 007

In this limit, the dominant contribution to the integral (3.46) comes
from the region xg — 2z ~ 0. If f(x) is singular at zero, f(ko) can increase
with the growth of ky. If, for example,

f(x) ~ d(xo — 2),
then
f(ko) — const.

If f(z) is even more singular,

f(x) ~ &' (xo — 2),

then
f(ko) — ko,
etc. This means that if f(z) has the form
B N
f@) =" Cnd™ (29 — 2), (3.47)
then
N
flko) =>_Cpki = O(ky)) - (3.48)

Thus, we cannot ban a polynomial increase of f(kg) at infinity. Why
not faster? Such a function, corresponding to an essential singularity at
infinity, contains an infinite number of derivatives of the d-function in
(3.47). In this case we would not be able to guarantee that its z-space
image is causal, that is, f(x) = 0 for g < z. For example, the infinite
series

f(z) = i a6 (zg—2) = O(xg—z+a)  (a>0)
n=0

sum up into the obviously non-causal function,

flx)=1 for z<z2 (x >z —a).
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We consider below only polynomially bounded functions
fko) < kY if ko — oo. (3.49)

This corresponds to no more than a finite number of §-functions in
(3.47) and guarantees causality. We call polynomially bounded, regular
in the upper half-plane functions f(kg) causal. From a formal point of
view we did not prove that we must impose the polynomial restriction
(3.49) on the growth rate to ensure causality, but such a claim seems to
be relatively well founded.

Indeed, how would we verify causality experimentally? The incoming
particles (photons in our case) are described by the wave function

(z) = / e~ ko(20=2) (ko) dko. (3.50)

If at xp = 0 we place the front of the wave packet at z = a, then the
function C'(kg) should be such that

U(z) =0 for z—z9>a, (3.51)

i.e. the photons cannot reach the observation point z faster than with the
speed of light. The condition (3.51) is valid if C'(ky) has no singularities in
the upper half-plane and behaves as e~*0% on the large circle. (In this case
the contour can be closed in the upper half-plane provided zg—z+a < 0,
resulting in ¥(x) = 0.)

The photons scattered forward are described by the wave function
V' (z) = / e~ h0@0=2) £ (10)C(ko) do. (3.52)

Causality means that after the scattering ¥'(x) also should vanish for
z —xp > a. This is obviously true for a causal f(ko). If, however, f(ko)
were growing exponentially, for example f(kg) ~ e~%0¢ (¢ > 0) on the
large circle, then ¥’'(x) would vanish only for z — xy > a + ¢ but not for
Z— g > Q.

Polynomial restriction is not a matter of definition but a necessity: to
verify causality we need to be able to close the contour in the upper half
of the complex kg-plane when xy < z — a.
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3.3.2 Analytic properties of the Born amplitudes

Are our amplitudes analytic? The diagrams describing Compton scatter-
ing in the Born approximation are

k K k K

(3.53)

p p p p

g + .
m2—s m?2-—u

In the rest frame of the electron we have
s=(p+ k)% =m? + I\ 4 2mk,
u=(p—K)?=m?+ X\ —2mk) = m> + \* — 2mk,

where we have introduced a small mass A\ for the photons and used that
for forward scattering k, = ko. The amplitude has two poles,

=+—. 3.54
9 = ko om ( )

m?—s=—-X\—2mky =0 22
m? —u= -\ 4 2mky =0

However, the physical amplitude is defined on the real axis where kg > A
(the bold line in Fig. 3.1) while the poles are located at the points where
|ko| < A, outside the physical region.

|

22 A2
2m 2m

Fig. 3.1

Thus the Born amplitude possesses the correct analytical properties (has
no singularities in the upper half-plane, and decreases at |kyg| — o) and
therefore respects causality.
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How could this happen? Does it not contradict the fact that, as we
know, the Green function G(x3 — z1) that enters the coordinate space ex-
pression for the amplitude does not vanish for the ‘wrong’ time sequence,
T90 < 19 (and, therefore, outside the light-cone, (22 — 21)? < 0)?

The second (‘crossed’, or ‘u-channel’) diagram does not pose a problem:
whatever the sign of the time difference x99 — z19, one of the incoming
particles (either the electron p or the incident photon k) participates in
the earliest interaction, so that both regions are perfectly causal.

In the first (‘s-channel’) diagram, however, the region x99 — 19 < 0 is
anti-causal: in this case the final particles are created before the initial
ones entered an interaction.

Let us calculate this amplitude explicitly, starting from the coordinate
representation, to see what has happened.

Gy —1)
F = b 7o
- /d49€1d4m2 ei(k’+p')x2—i(k+p)x1G(x2 _ ) (3.55)
=@m)ip+k—p — k) / B a1 T G 1),
where )
G(ag) = / (262514 _— m (3.56)

The integral over z2; in (3.55) selects a definite Fourier component with
q = k + p of the Green function (3.56):

1 B 1
—q¢2—ic m2—(k+p)?—ic’

Foc/d4q5(/<:+p—q) —

Since qo = po + ko > 0, the left pole gqg = —+v/m?2 + g2 of the function
1/(m? — ¢?) effectively does not contribute to the amplitude. Since the
denominator does not vanish, the sign of ic becomes unimportant. This
means that we can safely move the left pole from the upper into the lower
half-plane, which is equivalent to replacing the Feynman Green function
(3.56) by the retarded one, Ggr(x21) x 9(x20 — T10).

The denominator of the Green function in the first diagram might van-
ish in the physical region of momenta if the intermediate particle were
heavier than the electron: e ++vy — & (m > m + A). In this case the
Feynman ie prescription would be essential and, pushing the pole at
ko =~ (m? —m?2)/2m > X into the lower half-plane, would guarantee the
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causal time sequence of the reaction. (In the second diagram the denom-
inator may vanish only if the target particle is unstable, i.e. can decay
spontaneously into two real particles.)

Hence, in the calculation of the s-channel Compton scattering am-
plitude, the Feynman Green function for the virtual intermediate elec-
tron may be replaced by the retarded Green function which vanishes for
oo < x19. This is the reason why the Born amplitude has correct analytic
properties. This does not mean, however, that one is allowed to intro-
duce retarded Green functions instead of the Feynman Green functions
everywhere, because this would lead to incorrect results for the scattering
amplitudes, in particular in other channels.

3.83.8 Scattering amplitude as an analytic function

We have considered forward Compton scattering and shown that, due to
causality, the amplitude is analytic in the upper half-plane of ky. In the
Mandelstam plane s+t+u = 2m?+2\? and s = (m+\)? is the beginning
of the physical region of our process (s-channel).

Recall that we have already used analyticity of the scattering am-
plitudes in discussion of the connection between spin and statistics in
Section 2.5 in order to perform analytic continuation into the t- and wu-
channels. The path of the analytic continuation from the s-channel into
the u-channel, marked by the arrow on the Mandelstam plane,

u

corresponds to the continuation in the kg plane shown in Fig. 3.2.

We see that, unlike non-relativistic quantum mechanics, in the relativis-
tic case the region of negative kg also corresponds to a physical process:
s — u is equivalent to kg — —kg. This is one of the main differences
between non-relativistic and relativistic quantum theories. Analyticity
(which is due to causality) makes it possible to continue the amplitude
from channel to channel or in the ky plane.



3.8 Causality and unitarity 163

A

2m 2m

Fig. 3.2

In the simplest case we have considered, the Born amplitude had only
two pole singularities and was real on the real axis. As we will show
below from the unitarity condition, the true amplitude has to be complex
in the physical regions of momenta shown by bold lines. The end points
ko = &\, or s,u = (m + A\)?, are actually branch points so that the
lines themselves are cuts of an analytic function. The physical s-channel
amplitude is equal to the limit of this analytic function at the upper

boundary of the right cut:

Thus, the s-channel amplitude as defined in (3.46) is analytic in the
upper half-plane kg, and hence it may be continued to negative ky. But
will we obtain an amplitude of a new physical process in this way? Ap-
parently, to perform the analytic continuation, it is sufficient to substitute
—kq for kg. However, repeating the calculation leading to (3.46) directly
in the u-channel, we obtain

fu= [ et @),

with k{ > 0, the positive energy of the real incident photon. This tells us
that by replacing kg = —k{ in the s-channel amplitude we would obtain
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not the u-channel amplitude but its complex conjugate:

fs(=ko) = fu (ko).

Hence, in order to obtain the physical amplitude in the u-channel, the
real axis should to be approached from below. This is quite natural, since
the arguments of the amplitudes differ by the sign of kg:

ko +1ie — —kg — ie.

If we approach the positive real axis from above, we should approach the
negative real axis kg from below, and the analytic continuation path looks
as follows:

Repeating the causality considerations above but for the u-channel we
would find that the physical amplitude may be analytically continued into
the lower half-plane of k.

Thus we come to the conclusion that the physical amplitude in the
u-channel is also a limit of an analytic function on the real axis. (To
prove that the s- and u-channel amplitudes are the two limits of the
same analytic function we need to have a gap between the cuts. We have
introduced a fake small photon mass A\ exactly for this reason.)

Thus, the amplitude becomes an analytic function in the entire complex
plane of energy (with the cuts along the physical regions on the real axis).
The upper and lower half-planes of the photon energy kg correspond to
the amplitudes in the s-channel and u-channel, respectively. Going from
one half-plane to the other is equivalent to the analytic continuation of
the amplitude between the two channels.

3.8.4 Unitarity

The S-matrix was introduced in Section 1.11 as an operator that describes
transition of the system which in the remote past was in the state

vy
Wy
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into the state
vV = Sv
in the distant future.
Matrix elements of the S-matrix Sy, are the transition amplitudes from
the state |a)¢—_oo to the state |b)i—1oo. The initial and final state wave
functions can be written as

U=> la)¥,
= ZS\@ Z |b) (b]|.S|a) ¥ Z

b

(3.57)

where

U, = (b[S|a) ¥ Zsba a (3.58)

The last expression nicely demonstrates that the matrix elements Sy, are
just the transition amplitudes.
Norm of any state does not change during the transition, and we have

doIwa =3 1w (3.59)
a b
This equation is valid for arbitrary initial states and immediately leads
to unitarity of the S-matrix:
SSt =1, (3.60)
or in the matrix form,

S SwS). = Gae (3.61)
b

For the diagonal transitions a = ¢ the unitarity condition (3.61) means
probability conservation:

>SSty = D |Sal® =
b b
and for the non-diagonal transitions a # c it reflects orthogonality of the

basis states
S SwS). = 0
b

It is convenient to represent the S-matrix in the form (compare with
(1.124), (1.133))
S = 1+14T. (3.62)

In terms of the T-matrix the unitarity condition (3.60) reads

1+ —iTt+TTT =1,
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i.e.
—i|T-T1t] = 77, (3.63)

This last equation (3.63) is also often called the unitarity condition. In
matrix form it can be written as

—1 [Tba — TJG} = ZTbcha )
c

*

or, since TJa =T,

—i[Toa = Tppy] = > Tic T (3.64)
C

The unitary condition has a more transparent form in PT-invariant the-
ories (like quantum electrodynamics). In such a theory

Tay =T

ba ’

where |b), |a) are the states with spins opposite to those of the states
|b), |a). As we have discussed in Section 3.2.1, by choosing a basis in
which the states are described by total angular momenta rather than
spin projections, one can make the T-matrix symmetric (see (3.38)):

Tab = Tba ;

and (3.64) takes the form
—i[Tap — Tpp] = ZTac b
C

ie.

1
Ty = 3 TuTl, (3.65)
C

We see that the scattering amplitude cannot be real, so that our Born
amplitudes, being real, cannot be correct!

In particular, the unitarity condition for the forward scattering a = b
has an especially simple form,

1
ImT,, = §Z]Tac\2, (3.66)
C

and is called in this case the optical theorem. In terms of the forward
scattering amplitude,

Toa x A0 =0),
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the optical theorem simply states that the imaginary part of the forward
scattering amplitude in the state a is proportional to the total cross sec-

tion:
Z|Tac|2 o alffj).
C

We see once again that due to the unitarity condition the scattering am-
plitudes in the physical region should be complex.

3.8.5 Born amplitudes and unitarity

Let us return to the Compton effect for a photon (with a small mass \)
considered above in Section 3.3.2. The physical regions in the Mandelstam
plane are shaded in Fig. 3.3.

/
sS=m

Fig. 3.3

The poles of the amplitude lie on the dashed lines corresponding to s =
m?2, u = m?.

The structure of singularities in the complex &y plane (two poles of the
Born amplitude and two cuts along the physical regions of the s- and
u-channels) is shown in Fig. 3.1.

We would like to figure out whether there is any relation between the
Born amplitude and the unitarity condition.

First of all, let us write the general unitarity condition (3.65) in a more

explicit form. We had (see (1.133))

1 1

Top = (2m)*6 < p— P') Fap — ; (3.67)
; ; gz 2poi i'edb \/QPIOZ-I
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where p; and p}, stand for the sets of the initial and final particle mo-
menta (i € a and i’ € b, respectively) and Fy, is that very Lorentz invari-
ant amplitude for which we have been drawing and calculating Feynman
diagrams above.

Inserting (3.67) into (3.65) we obtain

Im Fy, = %ZFM v (2m)t6 (Zp, > kj ) 16 S (3.68)

i€a j€c

The symbol ), implies an integration over the momenta ky of the real par-
ticles in the intermediate state ¢, which momenta are arbitrary (modulo
the conservation law supplied by the d-function). Writing these integrals
explicitly, we have

Bk By 1
ImFab - Z/ n! 27‘[‘ 3n H 2]{30@

X F(ayky, .. k) F*(ky,.. .k b)(2m)%6 <Zp — Zki> ,
a i=1

(3.69)
where the factor 1/n! stands as a reminder of the combinatorial factor
that one should insert to avoid multiple counting when identical particles
are present in the intermediate state.

Combining the integration phase space d°k/(27)3 with the wave func-
tion normalization factor (1/v/2kg)?, and using d3k/2ky = d*ké, (k% —
m?), we finally arrive at

Im F,, = 2|ZH< 5+]€2 ))
X Fye 2774521) Zk

We sometimes write (3.70) in the symbolic form

(3.70)

ImF = > F,F;.
n

In the case of forward scattering (a = b) we observe that the right-hand
side of (3.70) differs from the total cross section only by the flux factor

1 1
4E1Eyj  Apey/s

(with p. the centre-of-mass momentum of colliding particles, see (1.139))
and by the factor 1/2 before the sum. This leads to the optical theorem
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in the form
Im F(5,0) = 2pev/s Otor- (3.71)

Let us return to the Born amplitude

62

m?2 —s—ig’
We can easily calculate its imaginary part with the help of the well known

relation (1.164),

62

Imm = 62 7T(S(S —mz). (372)
On the other hand, the imaginary part of any amplitude is given by (3.70)
and can be represented graphically as

ImF o 2}7@:}“\“ oo+

this can be anything

The intermediate states ¢ consist of real particles and therefore it is im-
possible kinematically to have a single-electron intermediate state. Nev-
ertheless, we can formally consider the contribution of such a state to the
imaginary part.

k

) Fy = b—
Fyy

q

This contribution is given by the expression

mFy = 2% [ L5 ooy s 2 s (p 4k —
2=% | @np +(@” = m7) |[Foua|” (27)%6(p+ k — q) (3.73)

=7 [P ((p+ k)* — m?)

and is equal to the imaginary part of the Born amplitude in (3.72). We
see that our Born amplitude actually respects the unitarity condition in
a certain sense, as its imaginary part is determined by the (kinematically
forbidden) one-electron intermediate state.

We could verify that the imaginary part of the amplitude has indeed the
form of the unitarity condition by considering more complicated processes
in which we can get a one-electron intermediate state contribution to the
imaginary part without contradicting energy—momentum conservation.
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This is possible, for example, in the transition of three particles into

three: W
M

The imaginary part of this amplitude contains (among others) the graph

Here the electron marked by the cross x may be real (in this case it is
not banned by the conservation laws).

3.8.6 How to restore perturbation theory on the basis of unitarity and
analyticity, or perturbation theory without Feynman graphs

We have just proved (see (3.73)) that in a certain sense the Born ampli-
tudes satisfy the unitarity condition. Indeed, the imaginary part of the
s-channel Born Compton amplitude e™y — e~ — e~y formally has the
structure prescribed by the unitarity condition (3.70) even despite the fact
that the real one-electron contribution on the right-hand side in (3.70) is
kinematically banned.

Will the Born amplitude still satisfy even such a loosely interpreted
unitarity condition when we increase energy?

The unitarity relation (3.70) is a non-linear equation, and which con-
tributions are allowed on the right-hand side depends on energy. With
the increase in energy the first non-vanishing contribution to the imagi-
nary part of the Compton scattering amplitude Im F' in (3.70) arises from
two real particles (e~ +7) in the intermediate state and this contribution
is given by the product of two Born Compton amplitudes, F'F*. Since
the Born Compton scattering amplitude is of order e?, this intermediate
state generates a contribution of order e* to the imaginary part of the
scattering amplitude, Im F = O(e*). Thus we may say that the Born
amplitude is only a lowest order (e?) approximation to the true scatter-
ing amplitude, and the higher order contributions are generated from the
Born amplitude through the unitarity relation (3.70).

This observation suggests the idea of a new construction for perturba-
tion theory, using the unitarity relation as a tool for calculating the full
amplitude as a series in the coupling constant e?.
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Indeed, creation of a particle in electrodynamics can go only through
the vertex that is proportional to the electric charge e. Therefore, the
addition of one particle to the intermediate state (either by adding a
photon or replacing one photon by two particles ete™) adds a factor €? to
the right-hand side of the unitarity equation. We see that the contribution
to the imaginary part of an n-particle intermediate state is of order ",
and expansion over the number of particles in intermediate states is at the
same time an expansion in powers of the charge. This connection between
the number of particles in the intermediate state and power of the coupling
constant leads to a scheme of the perturbation theory independent of, but
equivalent to, the Feynman diagram technique.

For example, the unitarity condition for two-photon annihilation into
an electron—positron pair has the form

AN
ImF(2y —ete™) = g + Im +--

If we want to calculate the imaginary part of this amplitude with accuracy
up to e?, we neglect all terms of order €”,n > 6. Then it suffices to
consider two-particle intermediate states, and these contributions may
easily be calculated in terms of the known Born amplitudes. Iteration by
iteration, we could in principle calculate imaginary parts of the amplitude
to higher orders in all regions of the Mandelstam plane. There is, however,
one obstacle: the imaginary part is expressed in (3.68) in terms of the total
amplitudes of lower orders, so to have a regular perturbation theory we
need a tool to calculate the real parts of the amplitudes as well. And of
course, the total amplitude (equal to the sum of the real and imaginary
parts) is needed first of all for a description of physical processes.

WS

A crucial réle in restoring the total amplitude from its imaginary part
is played by analyticity. According to the Cauchy theorem, the analytic
scattering amplitude for Compton scattering may be represented as

ik = [ 8 109

— 74
27Tik/0—k‘0, (37)

where the contour of integration is shown in Fig. 3.4:
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A
Im ko
o
_ Fo1 ko2 |
Re k?o
Fig. 3.4

The amplitude goes to zero at infinity, hence the integrals over the large
circles vanish and the contour can be represented in the form shown in

Fig. 3.5:
A
ko1 ko2
R R S
—< </ < -
Fig. 3.5
Then
dkl (k! r r
(ko) = —O-J/c( o) _ " -
211 /{?0 — /{?0 /{?10 - ko kQQ — /{?0
e diy Lo di (3.75)
— I Kl — / 1 ki
o T )+ [ ),
since

G+ i) — 1

—ie)} = Im f(kp).
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The terms in (3.75) containing r; and 72 correspond to the contributions
coming from the poles kg1 and kg2 of the Born approximation. (We have
accepted here the hypothesis that no other pole singularities emerge in
higher orders.)

Now we have a regular perturbation theory for the scattering ampli-
tudes. If the imaginary part of the amplitude of some order in the cou-
pling constant is determined from the unitarity condition, then due to
analyticity the corresponding real part (the full amplitude) may be found
with the help of the Cauchy theorem. Given this amplitude (together with
other related amplitudes at the same order in e?) the imaginary part of
the next order may be obtained, again via unitarity, and so on.

For example, using the Born approximation for two-photon fusion into
an electron-positron pair, 2y — ete™, we can restore the photon—photon
scattering amplitude. Indeed,

Im F(yy —vy) = (3.76)

The building blocks
AN EeVaVaVaN

and
VaVaVaVe U I S VaVaVa\

are just the Born amplitudes, and by substituting (3.76) into (3.75), we
find the amplitude of the light-by-light scattering (the only assumption
being the absence of point-like four-gamma interaction).

The problem we could face carrying out such a program is that of con-
vergence of the dispersion (Cauchy) integrals in (3.75). This problem does
arise, but only when the unitarity graphs have the structure of loop in-
sertions into single-particle (electron, photon) lines or that of ‘triangular’
correction to the basic eey vertex, and can be overcome by employing the
physical particle masses and the physical coupling. (We shall return to
these issues later in Chapter 5.)

This form of perturbation theory deals directly with scattering ampli-
tudes of physical particles and avoids even mentioning their Green func-
tions.

Having satisfied the unitarity condition in each term of a given order
in €2, we are not guaranteed, however, against trouble after attempting
to collect the perturbative series. Indeed, as we shall see below, quantum
electrodynamics per se formally fails at academically large energies

2

4
E~m exp{%} ~ m 102,
e
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Radiative corrections. Renormalization

We have shown in the previous chapter how one can obtain higher order
corrections to the scattering amplitudes from the Born terms using disper-
sion relations. There is, however, a simpler way to construct higher order
multiloop amplitudes directly, namely, the method of Feynman diagrams,
which we will consider below.

4.1 Higher order corrections to the electron and photon Green
functions

4.1.1 Multiloop contributions to the electron Green function

Let us consider first a free charged particle.* What could happen to this
free particle?
(1) The particle could propagate freely from z1 to xs:

T Z2

(2) The particle could emit a photon at point z —x§

1
Emission of a free photon is, however, banned by conservation laws.
The photon can exist only for a finite time allowed by the uncertainty
principle, and then it has to be absorbed by the same particle:

7 7
1 Ty Zo L2

* We assume for the time being that only one species of charged particles exists.

174
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(3) More complicated processes, like

P

b

or

S S

could take place.

The exact Green function describing propagation of a free particle is
equal to the sum of Green functions of all such processes. Notice that
each electron—positron pair is accompanied by an extra factor —1 since
0(p) = —u(—p) (see (2.49), more in Section 4.1.2).

The essence of the Feynman method for any process is to draw all
topologically different graphs of all orders in the coupling constant for the
process under consideration, and then sum them to obtain the respective
Green functions.

Let us emphasize that one should not overcount topologically identical
diagrams. For example, the graph with a closed electron—positron loop

can be represented either as

or as

This is essentially one and the same process, so it should be taken into
account only once.
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S,

describes propagation of a free particle, and the effect of the virtual pro-
cesses on this propagation. Notice that a process like

S, T

is merely a replication of the process

S

Diagrams of this type can be easily taken care of. We will see later that
it is convenient to consider separately the processes that do not reduce to
simple replication.

First, let us formulate the correspondence rules between the higher
order multiloop diagrams and the Green functions. The simplest one-

loop graph

x; ) xh  xe

The sum of the diagrams

+ +

is described by the following analytic expression

Go(xg —x1) = eZ/G(xg — xh) iI’ﬂ(xIQ) G(xhy — )

x il (z})) G(&) — m1) Dy (ah — o) d*aly d*a] .

(4.1)

The factor e? arises here because there are two vertices. As usual, each
vertex in z-space (as well as in the momentum space) also contains the
factor iy,

— Yy

Integration goes independently over all 2 and z}, since virtual emission
and absorption of the photon could happen independently at any moment
of time and at any point in space.
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In the next order of perturbation theory in the coupling constant we
can consider, for example, the two-loop graph

Kt

x1 xf ) ah al To

Using the same logic as above, we write for this graph

Galaz =) =" [ Gla = a8) i7,Gla} - ab) i, Glah — )

X i, Gz} — x7) mﬂ/G(az'{ — 1) Dy () — ) (4.2)

/ / 4 1 g4 1 g4 1 34 1
X Dyyl(ﬂjz — l‘l)d xld 'Ild l‘2d ,CL'Q.

Now we can formulate a general rule, how to write an analytic expres-
sion for an arbitrary multiloop diagram for the electron Green function.
First, we put down a product of all free Green functions corresponding to
all lines in the diagram starting with the last one. Then we integrate over
positions of all interaction points. We also have to make contractions of
all repeating indices pu, ¢/, ... of the photon Green functions and vertices.

Let us derive Feynman rules for multiloop diagrams in the momentum
representation. To this end we substitute Fourier representations for the
free electron and photon Green functions (see (1.85) and (2.56)),

d4p e*l'pfl'
o= | Gy

d4]€ e—ikx (43)

D, (x) ngu/mva

in the coordinate space expressions (4.1) or (4.2) for the higher order
diagrams. All coordinate dependence in the Fourier representations in
(4.3) is in the exponents, and integrations over coordinates in (4.1) and
(4.2) become trivial after this substitution.

For example, for (4.1) we immediately obtain

Ga(z2—1 )_62/d4pld4p2d4p3d4k 1 . L 1 g
ATy [@TY%E m—ps Pm—ps m— 1 k2

« /e—ipga:ge—i(—pg+p3+k)a:/2—i(—p3+p1—k)x’1 eip1$1d4$,1d4$,2.

(4.4)

The integral
/e—iﬂﬁ/g(—p2+p3+k)—im/1(—p3+p1—k)d4x/1d4x/2

= (271)45(]93 + k- pg)(?ﬂ)45(p1 —k —p3),
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simply demonstrates that in momentum representation four-momentum
is conserved in each vertex (see Fig. 4.1).

k

b1 b3 b2

Fig. 4.1

Momentum J-functions lift integrals over ps and p3 in (4.4), and we obtain

dp1
Go(xy — 1) =/ (2:;111,6 p1(w2=21)
4.
X/ Ak 5 1 1 ;o W)
e _ _ S —
(2m)%i m—p1 " (P1 —k:)wm—l?l k2

Comparing this expression with the general Fourier representation for the
diagram in Fig. 4.1 (p = p1 = p2)

4
Ga(zy —11) = / T i) Gy ()
(2m)4i ’

we see that the one-loop Green function G (p) in momentum space has
the form

- e2 d*k 1 1 1
G = N, — ) 4.6
0= 15 </ (277)41'Wm—15+k%/€2> m—p (46)

Integration over momentum k of the intermediate photon survived in the
one-loop correction in (4.6)

P p—k P

to the free Green function. This happened because four-momentum con-
servation in each vertex of the diagram still does not fix the momentum
of the intermediate state, and the virtual photon can have an arbitrary
momentum.
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Green functions corresponding to any diagram may be calculated in
the same way. For instance, diagrams for corrections of order e* to the
electron Green function look like

k1

ko

D p—ki p—ki—ky p—ks D

o o

p p—ki P p—ka p
Analytically the Green function for the second graph has the form
~ 1 d*kidths 1 1
Ga(p) = et — / — —Yv - ~
) m-P( [@m)42 P —pt ke Tm—p+ ke +

4.7
o 1 11 1 ( )
VW33 | =
"m—p+ky kik3)m-—p

and similar expressions can be written for the other graphs.

4.1.2 Multiloop contributions to the photon Green function

Let us consider propagation of a free photon. The only thing that could
happen to a free photon is that it would decay into an electron—positron
pair for a short time. Nothing else is possible since the photon can interact
only through the triangle electron—photon vertex. Thus, only processes

like B S S
+ A oo
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can contribute to the photon Green function.

What are the analytic expressions for these diagrams? As we know,
the lowest order photon Green function g, D(x2 —x1) corresponds to the
diagram

P U UaVUaN _ D _ )
X T Guw Dl = 21) (4.8)
v 1

Using our experience with the photon loops, for the diagram

with an electron—positron pair we write a natural expression

e? / Dy (22— G(xh — 2 )i G (2 — x5) Dy (2] — ) d* 'y d* oy

(4.9)
An additional complication arises because the photon can create an inter-
mediate electron and positron in different, though correlated spin states.
Hence, we should additionally sum over all allowed intermediate spin
states in (4.9). First of all, this summation means calculation of the
trace of the expression in (4.9), but there is more. Recall that a (virtual)
photon transition into a real electron and a real positron is described by

the vertex
P
M< = eti(p1)7,v(p2)-

P2

So, if in the internal part of the diagram

P1

b2
the particles were real, then the amplitude would have the form

Ao Y a™M (pr)0™ (p2) 2 (p2)ywu™ (p1)
A2

== @™ (p1)yw™ (—p2) a2 (—p2)vu™ (p1).
A1 A2

(4.10)
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The minus sign arose here because v(p) = —u(—p) (see (2.49)). Using the
completeness relation (2.49)

S up(p)a3(p) = (p+ m)ag,
A

we reduce summation in (4.10) to calculation of the same trace as in
(4.9) but with an opposite sign. Thus if we insist on the correspondence
between (4.9) for real intermediate particles and (4.10) for virtual particles
in the intermediate state, we have not only to take the trace in (4.9) but
additionally to multiply it by minus one.

It is easy to realise that this is a general rule, and an extra factor (—1)
accompanies each closed electron—positron loop in an arbitrary graph.

In the same way as for the electron Green functions above, we can de-
rive the momentum space representation for the photon Green functions.
For example, the one-loop contribution to the photon Green function in
momentum space looks like

k
2

Pt (4.11)

e? - d*p 1 1 1
TR r/ @)% “m—p m—pt k) K
The only complication in comparison with the Feynman rules for the
loops made of charged scalar particles is that now we have to take the
trace over the spinor indices, and write an extra minus sign for every
virtual electron—positron pair.

A real photon with k? = 0 cannot decay into two real particles without
violating energy—momentum conservation. In the virtual process

A/\Q/\/\

the photon is off mass shell k? # 0, and the electron also is off the mass
shell py # +/p? +m2. In terms of non-relativistic quantum mechanics we
could say that in this process a virtual photon for a short time (determined
by the uncertainty relation) decays into two particles, violating energy
conservation.

Higher order corrections in the Feynman diagram approach are con-
structed via relativistically invariant virtual processes. The virtual par-
ticles in the Feynman diagrams are off mass shell. This should be com-
pared with the ordinary quantum mechanical perturbation theory where
there is no energy conservation for the intermediate states. The Feynman
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method is in principle equivalent but much more convenient than the old
non-covariant perturbation theory because it is explicitly relativistically
invariant.

4.2 Renormalization of the electron mass and wave function

Let us consider exact Green functions for free charged particles in more
detail.” The total Green function of a free charged particle with mass mg
is given by the sum of terms which correspond to all possible processes of
photon emission and absorption

6= _ P S N

Some of the diagrams on the right-hand side, which contain subdiagrams
connected by one electron line, describe simply repetitions of the same
fluctuations

St S e SO et 9%t S0 et N

These fluctuations are only weakly correlated, and might be separated by
large time intervals. On the other hand, fluctuations corresponding to
one-particle irreducible diagrams, like

STx

are strongly correlated and occur via a very short time interval. In order
to separate weakly and strongly correlated fluctuations, we introduce the
notion of self-energy of a particle. The self-energy is a sum of all one-
particle irreducible diagrams (i.e. a sum of diagrams which do not contain
weakly correlated fluctuations)

P N A U i et SO

Self-energy Y(p) contains only fluctuations which take place in a short
time interval. All other fluctuations which contribute to the total electron
Green function may be obtained simply by replicating the self-energy
graphs. Hence, the total Green function can be written as®

(p) 2 o o
-

t Below we will call the mass which is written in the free electron propagator my instead
of m.
 From now on bare Green functions of the type (4.3) will carry a subscript 0.



4.2 Renormalization of the electron mass and wave function 183

Analytically the series for the electron Green function has the form

o= mol—ﬁ i mol— ) mol— P
1 1 1
— [—2(p)] e [—2(p)] et
1 (4.12)
= [1+ [—2(p)] e
2
+ ([—E(p)] mol_ﬁ) TR

This is a geometric series, and its sum may be easily calculated in terms
of the self-energy ¥

lp) = 1 1 B 1
Y e p 1Sy Mo+ 2(0)

mo

(4.13)

In zeroth order approximation the electron self-energy vanishes, and our
new formula reproduces the well known expression for the free electron

Green function ) I
mo TP
Go(p) = ~ = 9 2"

mog—p Myg—p
The parameter myg in this expression should be interpreted as the mass of
the particle, since Go(p) has a pole at the point p? = m%. Indeed, particle
propagation in coordinate space from x; to zs is described by the Fourier
transform of the momentum space Green function (see (2.56)), and for

the free Green function we have

d'p mo + p
G0(£C21) = / (271')42' elpxm W’

where 291 = 29 — 1.
Calculating this integral via residues, we obtain

3 —ipot21+ip-r
G()N/dpe pot21 p21’

where pg = \/m2 + p?. This relativistic dependence of energy on momen-
tum just means that the Green function describes propagation of a particle
with mass mg. Moreover, at large times to — oo, the only contribution to
the integral comes from the pole term. If there were no pole, the integral
would be zero due to fast oscillations of the exponent, and we would not
observe any particles at all. It is the existence of the pole which makes
the integral non-vanishing, and provides the proper relativistic relation
between energy and momentum of the particle.
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There is no reason to believe that after the calculation of radiative
corrections the position of the pole of the exact electron Green function
(4.13) would coincide with the position p? = m3 of the pole of the zero
order Green function GGo. Hence, the parameter mgy has no direct rela-
tion to the physically observable electron mass, and the latter should be
determined from the equation

G(p)‘p2:m2 = 00 (4.14)

for the total electron Green function. We see that the true mass of a
particle depends on its self-energy. The very existence of a free particle
with an observable mass m puts certain restrictions on the self-energy
%(p).

The self-energy ¥(p) depends on -matrices only through p. Thus it
commutes with p, and the inverse Green function can be written in the
form

G~ =mg —p+X(p).
Equation (4.14) for the position of the physical mass is equivalent to

(mo = P+ E(D)) um(p) = (mo — m + %(m)) um(p) = 0,

where u,,(p) is a solution of the free Dirac equation with mass m. Then
the observable mass of a particle is a real root of the equation

mo —m + X(m) =0. (4.15)

The parameter my is not observable, so it would be better to get rid of it,
replacing it by a certain function of m. This can be easily achieved with
the help of the relationship

G~ (p) = mo — p+ 2(p),

where we substitute mg from (4.15). Then we arrive at an expression
for the exact Green function of the electron written only in terms of the
observable mass

G (p) =m—p+L(p) — S(m). (4.16)

Let us now turn to higher order corrections to the charged particle wave
function. It is not difficult to realize that such corrections are intimately
connected with the higher order corrections to the Green function.

Recall how we derived the scattering amplitudes in Sections 1.11 and
2.3. The idea was to consider Green functions corresponding to external
legs of a diagram

X

d4p e—p(z1—)
/ A~ .
z / (2m)% m3 — p? (mo +)
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Then, using time ordering of the space-time points x1, 2}, we closed the
integration contour in the complex pg-plane around the pole at the point
myg and calculated the residue. With the help of the completeness relation
(2.49)

> up(p)uy = (p+ mo)agp,
)

the Green function corresponding to an external leg of a diagram may be
reduced to the form

dgp . /
_ efzp(mlfzvl) Z_L)\ » u)\ D),
> [ gt )

where now py = \/p? + m2. Further, we simply omitted the wave func-

tions of the free particles

1
V2po

in the expressions for the multiparticle Green functions and the remaining
factor turned out to be just the scattering amplitude (compare (1.130)—
(1.131)).

The exact Green function has a pole at the position of the physical mass
m instead of mg. Let us see how the residue at the new pole changes in
comparison with the residue of the free Green function at mg. As we
just explained, the residue is connected to the scattering amplitude, so
we hope to find how such amplitude changes due to change of the Green
function. To answer this question we expand ¥(p) in a series near m:

uM(p)e P, ——ePTat (p)

V/2po

S(p) = T(m) + (p — m)E'(m) + (h — m)*Z(p). (4.17)

Let us write the last term in (4.17) which contains all the higher power
terms in (p —m) in the form

[1—%'(m)|Ze(p) = (0 — m)*Z(p), (4.18)

or

%(p) — X(m) — (p —m)X'(m)
1—3%'(m) ’

In these terms, representation (4.16) for the exact electron Green function
becomes

G7Hp) = [m—p+3c(p)] [1-3(m)] =[1-¥(m)] G (p), (4.20)

Xe(p) = (4.19)

where
G (p) =m —p+Te(p) (4.21)
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is called the renormalized electron Green function.

Near the pole p = m the function X.(p) turns to zero as at least the
second power of (p —m) (see (4.18)) and, hence, we can forget about it
calculating the scattering amplitude in the limit x; — co. Then we obtain

dip e—p(z1—)
A / (2m)%i (m —p)[1 — ¥ (m)]

3
tlzoo d b A —ipr] =X ipx) 1
3 [ spary 0 PR

for the pole contribution to the Green function of the external leg. Our
spinors were normalized by the condition wu = 2m. If we insist now that
the residue of the Green function at the particle pole is still equal to the
product of the wave functions, we have to introduce new spinors

u = Zou, a = Zo U, (422)

1
1—%"(m)

where

Zy = (4.23)
The new spinors in (4.22) are normalized by the condition w/u' = 2mZs.
Thus, the wave functions of the electron are now renormalized, and the
constant Zy for obvious reasons is called the electron wave function renor-
malization constant. Physically, renormalization of the electron wave
function means that the system we are considering contains photons and

ete™ pairs in addition to the electron:

The wave function of this system has the form
\Ilphysical = \Ile + \I]ey + \I’e2y + \I’e3y + -+ \Ile+e—e— + e

Hence, if the wave function of the system as a whole is normalized to unity,
the norm of the one-electron component ¥, cannot be unity any more.
This norm is just the fraction of the one-electron state (bare electron) in
the whole multiparticle state (physical electron).

Of course, normalization of the wave functions should not affect any
observables. In the case under consideration such an observable is the
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cross section. The cross section contains as factors the inverse flux of the
initial particles and the phase volume of the final particles, which also
depend on the normalization of the wave functions. Wave functions of
physical electrons bring in Zy ! to the flux factor (the latter being inversely
proportional to the density of incoming particles). Correspondingly, the
phase volume of each final physical electron should contain the factor Zs.
Since the cross section contains scattering amplitude squared, one of the
square roots \/Zs for each external leg of the amplitude will cancel with
the respective factor in the flux or will be absorbed into the phase volume.

Bearing this in mind, we can simply calculate the flux and the phase
volume as usual ignoring any additional factors, while including in the
calculation of the scattering amplitude one square root /Zy for each
external leg.

Thus, taking account of interactions, an additional multiplicative fac-
tor \/Zy arises for each incoming and outgoing free electron line in the
scattering amplitude:

V7 V7
N _—
=

Let us summarize our discussion of the higher order corrections to the
electron Green function. After summation of the higher order corrections,
the electron Green function no longer coincides with the free electron
Green function: both the electron mass and the electron wave function
change. The observable physical electron mass m is often called renormal-
ized mass, as opposed to the bare (or unrenormalized) mass parameter
myg. The Green function of a physical electron may be written exclusively
in terms of the renormalized mass m (in place of the unobservable bare
mass my). The residue of the Green function at the physical pole p? = m?
can be set to unity, corresponding to propagation of one particle, which
redefinition of the physical state brings in \/Z, factors to the calculation
of the renormalized scattering amplitudes.

4.3 Renormalization of the photon Green function

Now consider radiative corrections to the photon Green function. The
exact photon Green function D, has the form
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and on the basis of our experience with the electron Green function we
would expect that the position of the pole in the exact photon Green
function would shift to some non-zero value. As we know, the position of
the pole is just the photon mass, and if higher order diagrams generated a
finite photon mass, the photon would no longer be a photon, and our the-
ory would not be electrodynamics. Clearly, this problem deserves further
investigation. We are going to show that, due to current conservation,
the position of the pole in the exact photon Green function does not shift
after accounting for the radiative corrections.

Let us first introduce the photon polarization operator, defined as a
sum of all diagrams which cannot be disconnected by cutting only one
photon line:

(k)= —>—+ <> +--- = —(O-

The photon polarization operator is similar to the electron self-energy
Y(p). In terms of the polarization operator the exact photon Green func-
tion reads

ANNNN = AN f\f\f\/\(}f\f\f\/\ + /\I\/\/O\ﬂ@\/\f\ﬂ + ...
or
Dy (k) = D3, (k)+Dp) (k) Dy, (k) 4Dy Ty DYy Ty yr Doy 4+ - -
The summation of the geometric series on the right-hand side gives
Dy (k) = DY, (k) + D) (k) Doy (k). (4.24)
After the substitution Dgy = guw/k*, we obtain
kQD;U/ = Guv + H/J,VIDI//I/7

or
|:k2.g/.tl/’ - H,u,l/(k)i| Dz/z/ == guy- (425)

The polarization operator II,, is a second rank symmetric tensor which
depends only on one vector k,. The most general form for such a tensor
is

(k) = guwar (k) + kukyaz(k?). (4.26)
Similarly, the most general structure for the exact Green function D,,, is
D(k) = gudi(K®) + kK, da(K?). (4.27)

The scalar functions in (4.26) and (4.27) are connected by the equation
for the photon Green function (4.25). Inserting representation (4.26) into
(4.25),

[k — a1 (k*)] Dy (k) = kykyr Dyras(K*) = g
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and taking into account (4.27) we obtain

1 = ar(W)]dy (k) gy + (K — an (B)]kyda ()

_[k?“k?ydl(k:Q)a2(k;2) + k2d2(k32)a2(k2)k:“ky] = G (4.28)

Comparing the coefficients at g,,,, we have
(k% — ay (E*)]dy (k?) = 1,

or
1
k2 — a1 (k%)

Similarly, comparing the coefficients at k,k,, we get

ag(/{?Q)
(k2 — al)(krz — a1 — kzaz) ’

dy(k?) = (4.29)

do(K*) = (4.30)
Due to current conservation, the longitudinal part of D,,, i.e. the term
proportional to k,k, in (4.27), does not contribute to the scattering ampli-
tudes. We shall therefore concentrate on the first term in (4.27)proportional
to g °
t 9uv

D, = = () (4.31)
The assumption that d;(k?) and thus wa has a pole at k% # 0 would
lead to a theory having nothing to do with quantum electrodynamics.
The photon Green function (4.31) would have a pole at k* = 0 only if
a1(k?) vanished like k% at k> — 0. Are there any theoretical reasons to
expect such behaviour?

We still have not used an additional condition which current conserva-
tion imposes on the general form of the polarization operator in (4.26).
Due to current conservation the amplitude M, of any process satisfies the
condition

kM, = 0. (4.32)

We have proved this relation above, for example, for the Compton effect
(see (2.92)). It is valid also for processes with virtual photons, and you can
check that in the proof of (2.92) for the Compton effect we did not use the

§ Equation (4.27) is usually written as

kuko\ s

Dy (k) = Gy () + ik da(k®) = i (%) (g = =43 ) + da(6* b,

where
o=t 1
TR —a - Kay’
and d1(k?)(guw — kukw /k?) is called the transverse part since ku(gu — kuky /k?) = 0.
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condition k? = 0. We will prove the hypothesis about current conservation
for arbitrary processes with virtual photons below in Section 4.6.

For now, we use (4.32) for k% # 0. The polarization operator II,, is an
amplitude for a virtual process

HW:Z m@m’

and, hence, it must satisfy the current conservation condition
kL, = 0. (4.33)

Inserting the general representation of the polarization operator (4.26) in
(4.33), we obtain

kpuguwar (k) + kukukyaz(k*) = 0,

or
a1 (k?) = —k?as(K?).
Then the polarization operator can be written as
al (k2)
k2

M (K) = (guk® — kb )TI(R),  TI(K?) = (4.34)
where II(k?) is also often called the polarization operator.

Now we see that if a1 (k?) oc k? then the polarization operator IT1(k?) (or
in other words ag(k?) in (4.26)) remains finite at k2 — 0, the total Green
function D, has a pole at k? = 0, the photon remains massless even after
accounting for radiative corrections, and our theory is self-consistent.

Let us verify that in the framework of perturbation theory the pole
of the total photon Green function does remain at k> = 0. Consider,
for example, the lowest order one-loop contribution to the polarization

operator
k k
Hf},,) = A/\/\/\/\/-Of\/\/\/\/\n ’

or, analytically,

d*p 1 1
H(ll,)k :—62/—,Tr —y ~ .
o (F) ol \™m—p"m—p+ +k

(From the very structure of this expression we can already see that the
polarization operator is unlikely to have a pole at k2 = 0: the intermediate
state contains a massive electron—positron pair, and a singularity at k% = 0
could be generated only if we had a massless intermediate state.)
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In order to prove that the respective II(Y) (k?) is finite at k> — 0, and the
photon does not acquire mass due to radiative corrections (at least in the

one-loop approximation) it suffices to check that H,(}V)(k2) is transverse,

KPTI) (K2) = 0.

Let us calculate

a4 k 1
(1) _ 2 p
kX050 (k) 2 / (2m)4i Tr (m — ﬁ%m ot +1A<:> . (4.35)

With the help of the representation k=k+m-— p —m + p we obtain

d*p 1 1
1Y) = — 2/ Tr (- ) ~0
pttpy € (27)%i r m—ﬁ—i—kfy +m_ﬁ7u ;

where we used that the integrand turns to zero after the shift of the
integration variable p — k = p':
1 1

- — - = 0.
m—p m—7p

(Note that there might be some problems with this argumentation¥ since
each integral oc [ d'p/p? diverges at large momenta.)

Thus we have proved that the one-loop perturbation theory contri-
bution to the polarization operator is transverse and, hence, the pho-
ton remains massless in the one-loop approximation. The reason for the
transversality of the polarization operator is current conservation which
is built into quantum electrodynamics. Similar calculations can be car-
ried out also for higher order contributions to the polarization operator,
and again due to current conservation the photon remains massless in all
orders of perturbation theory.

Thus, the total photon Green function is

D;w - W, (436)

and due to current conservation it has a pole only at k% = 0. Like in the

case of the electron Green function it is useful to write the total photon
Green function in terms of the subtracted polarization operator

I(k?) — T1(0)

(k") = 1—11(0)

(4.37)

T Still, this line of reasoning can be made more accurate by using, for example, the
Pauli-Villars regularization.
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in the form

Z3g;u/

Pl =

= Z3 DS, (K), (4.38)
where Z3 = 1/(1-11(0)), and we have introduced the renormalized photon
Green function wa(k:Q).

Similarly to the case of the electron Green function, in calculations of
scattering amplitudes with external photon lines we should take into ac-
count renormalization of the photon wave function, i.e. the factor /Z3,
which is called the photon wave function renormalization constant. Again,
one factor v/Z3 for each external photon leg is associated with the ampli-
tude, while another is compensated in the calculation of the cross section
by the corresponding factor in the flux or the phase volume. Hence, ef-
fectively the scattering amplitude should be multiplied by /Z3 for each
external photon line, while normalization of the photon wave functions
remains unchanged (unit residue for on-mass-shell photon).

4.4 Feynman rules for multiloop scattering amplitudes

We are now ready to give a general prescription for constructing arbitrary
scattering amplitudes. Consider, for example, the process

The total amplitude for this process is given by the sum of all possible
multiloop diagrams with the same external lines.
We associate a free electron Green function

Gy = with each internal electron line P ,

mo —p >
and a free photon Green function

k

0 _ Yu . . .
D,, = =5 with each internal photon line T .

L2
For the external lines

u(p)e~P*\/Z, corresponds to an initial electron,

i(p)eP*\/Zy to a final electron
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and, respectively,

o(p)e~P*\/Zy corresponds to an initial positron,
v(p)e*\/Zy to a final positron.
The factor
ef‘te*ikm v/ Z3 corresponds to an initial photon

and ‘
eﬁem\/ Z3 to a final photon.

Note that the external lines are on the mass shell, p> = m?, k? = 0.
All the resulting expressions should be antisymmetrized with respect
to the external electron lines, i.e.

41 b3 D1 D4

D2 D4 D2 D3

and symmetrized with respect to the final photon lines.
All internal lines in the diagrams so far are described by the bare elec-
tron and photon lines Gy and Dgy. However, processes like

L N ¥

)

with self-energy insertions in the internal electron lines, and similar pro-
cesses with polarization insertions in the internal photon lines are also
possible and should be taken into account. The sums of all self-energy
and polarization insertions in the internal lines give exact Green functions.
We can significantly reduce the number of diagrams which we should con-
sider, if we agree to ignore the diagrams with self-energy and polarization
operator insertions in the internal lines, and instead ascribe to all internal
lines not the bare but the total (exact) Green functions (4.20) and (4.38).

4.5 Renormalization of the vertex part

In the previous sections we have considered how the electron and photon
propagators change when we take into account radiative corrections. Let
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us now turn our attention to the the photon emission amplitudes (vertex
parts)

EYu
b1

b2

and see what happens with them if we consider higher order contributions.
Higher order processes with corrections to the electron and photon lines

have already been taken into account. Therefore, we now consider those
corrections to the electron—photon vertex which cannot be interpreted as
corrections to the external lines. Let us introduce function I',(p1, p2) as
a sum of such corrections:

Fu(pl,m)K - % + % ... (439)

How do the radiative corrections collected in the vertex part I', change
the amplitudes of the real physical processes?

Let us return to the electron—electron scattering considered earlier in
Section 2.5:

€Yy

€V

At small momentum transfer ¢ this process reduces to the usual Coulomb
scattering, and from equation (2.89) we have concluded that the factor e
in vertices of the tree Feynman graphs is just the charge of the electron.

However, the total vertex part is a sum of all the higher order processes
which can take place in the vertex, and, hence, the charge e defined from
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the tree Feynman diagrams is only the first approximation to the observ-
able charge. In order to obtain the real observable charge, all corrections
to the vertex should be taken into account, and the charge should be
renormalized like the mass was renormalized.

Let us represent the total vertex part I',(p1,p2) in the form

Lu(p1,02) = vu + Au(p1, p2), (4.40)

where

For a particle at rest and at zero momentum transfer ¢ = 0,
I'y(m,m) =, + Au(m,m),
where A, is proportional to 7,
Ay (m,m) = y,A(m,m), (4.41)

since the matrix +, is the only vector in the problem.
We define the vertex renormalization factor Z; by the relation

D (m, m) = Y[1 + Am, m)] = 7,27 (4.42)

The factor Z; ' describes how the amplitude at zero momentum transfer
changes due to all possible high order processes taking place in the vertex.

The total electron—photon vertex including all radiative corrections can
be written in the form

Lu(p1,p2) = Y+ vuA(m,m) + Au(pr,p2) — Au(m,m)
_ Au(p1,p2) — Ap(m,m) _
= Z 1 [ad ) H ) — Z 1:[1(2
1|t 1+ A(m,m) L ow
where
IV =+ Ay (4.43)

and
AC — Au(phpQ) _ Aﬂ(m7m)
" 14+ A(m,m)

(4.44)
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[, (A7) is called the renormalized (subtracted) vertex function. In this
notation it is obvious that at zero momentum transfer the total vertex
function reduces to the vertex renormalization constant I',, = Z 17’#-

Let us return to electron—electron scattering. The simplest one-photon
exchange diagram for this process which already includes all radiative
corrections to photon Green function, electron—photon vertices, and the
external lines has the form

VZ, T, V7

N7 'y N7
where the thick photon line corresponds to the total photon Green func-

tion, and the vertices correspond to the total vertex function I',. More
complicated processes, with larger numbers of photon exchanges

Fig. 4.2

etc., also may be easily accounted for.

It is easy to see that even the most complicated diagrams contain nei-
ther bare vertices, nor bare Green functions, and only the total vertices
and exact Green functions enter all expressions. There is obviously no
need to consider diagrams with self-energy and polarization corrections,
constructed with the use of either bare or total Green functions,

DR i 5

N\QMorN\Q\A

since they are already included in the Green functions. Diagrams like
those in Fig. 4.2 which do not contain self-energy, polarization or vertex
corrections are called skeleton diagrams.
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Total vertices, electron, and photon Green functions are all multiplica-
tively connected with the respective renormalized functions (see (4.21),
(4.38), and (4.43)), and may be written as

r, = z're, (4.45)
G(p) = Z2G(p), (4.46)
Dy(k) = Z3Dj, (k). (4.47)

Let us see what happens if we insert these representations in the di-
agrams. An internal electron line always starts at one vertex and ends
at another, the same is true for internal photon lines. Therefore, it is
convenient to write the factors Z; and Z3 in (4.46), (4.47) as products
of two square roots \/Zs - \/Za, \/Z3 - \/Z3, and associate each of these
square root factors with the beginning and the end of the corresponding
line. This means that, since a vertex is a point where two electron lines
and one photon line meet, each vertex will be multiplied by the factor

ec = eZy 2o\ 73, (4.48)

which is called the renormalized charge. All renormalization factors Z;
disappear from the diagrams written in terms of the renormalized charge
e. and the renormalized Green functions G¢ and D€. The analytic expres-
sions for the skeleton diagrams built up of e., G¢, and D¢ have exactly
the same form as those in terms of the bare charge and Green functions
G and D.

It is easy to see that the renormalized charge is just the observable
physical charge. Indeed, consider again electron scattering at small angles:

This graph has a pole at small momentum transfer ¢> — 0, since

1
_2 .

De(k) .

All other electron—electron scattering diagrams with larger numbers of
photon exchanges have no poles at small momentum transfer, since they
contain integrations over intermediate momenta. Hence, at small momen-
tum transfer the main contribution to the amplitude comes from the pole
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diagram, and is equal to

2 1
A = (erlZQ\/Zg) uy,u pe Uy, . (4.49)

This is just the Coulomb scattering amplitude, with the physical charge
ec, which is measured experimentally e ~ 47/137. We see once again
that due to higher order processes not only the mass but also the electric
charge of the charged particle gets renormalized; they do not coincide
with the mass and the charge of the non-interacting particles.

Now consider the expression for the renormalized charge

ec = eZ{ Zo\/Z3

from a slightly different perspective. Let us assume (in accordance with
the experimental data) that different species of charged particles exist in
nature, in particular, electrons (e), muons (1) and protons (p):

Ge e
Gy, v8
Gy p

Respective interaction vertices are I'e, Iy, and I',. Generally speaking,
they are different, since the integrals which include Green functions of
particles with different masses do not necessarily lead to the same result.
Let us investigate how the existence of essentially different species of
particles affects the photon Green function. The exact photon Green
function in a theory with only one kind of charged particles is given by
the sum

wh pt
/\/\<>/\/\ + /\/\O/\/\ +
p P

will also contribute to the photon Green function. In a sense the photon
Green function is a universal function, it directly feels the presence of
all species of electrically charged particles, unlike the Green functions of
charged particles which are all different and depend crucially on the type
of particle and its specific interactions.
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4.6 The generalized Ward identity

Let us discuss an interesting theoretical problem. Imagine that the bare
charges of the electron and the proton are equal. Due to interactions,
observable (renormalized) charges of these particles apparently become
different:

€ce = Zl_elee\/Z_?)ey

ecp = Ziy Zop\/ Zs €.

This, however, contradicts our intuitive ideas about charge conservation
and would have dramatic consequences (for example, the hydrogen atom
pe~ would no longer be electrically neutral). The only way to save charge
conservation or, to be more precise, the universality of charge renormal-
ization, is to assume that for each species of particle the respective Z;
and Z, always coincide,

(4.50)

7y = Zs. (4.51)

If this is true then the renormalization constants Z; and Z5 which depend
on the type of particle disappear from (4.50), and the physical charges of
different particle species remain equal after renormalization, provided the
bare charges were equal. We will prove that relation (4.51) really is valid
in electrodynamics.

Let us first recall that the vertex function with on-mass-shell external
fermions satisfies the equation (see Section 1.8):

kuru (pl,pQ) =0, (4-52)

where k, = p1 —p2 .

b1 D2

The vertex function with off-mass-shell external legs satisfies a more gen-
eral condition

kuru(pl,pg) = G_l(pg) - G_l(pl), (4.53)

which is called the generalized Ward identity. We will first demonstrate
that (4.53) leads to Z; = Z», and then we will prove the generalized Ward
identity itself.
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At small momentum transfer the expression on the left-hand side of
(4.53) reduces to k,Z; 'v,. On the right-hand side each of the Green
functions gives G, " = m — p, and we obtain

kﬂzl_lfyu = 22_1[_152 +p1] = 22_1]% = Z2_1ku7;u

or Zl = ZQ.
Let us now prove the generalized Ward identity (4.53). It is obviously
valid for the simplest tree diagram contribution to the vertex function

Yu

b1 D2

which is simply the matrix ~,. Indeed, the bare electron Green function
is

G (p) = mo — P,
and we have a trivial identity

kv = p1 — D2,

which coincides with the generalized Ward identity in the tree approxi-
mation. (For real particles pyu(p;) = mu(p1), a(p2)pe = u(p2)m and thus
By () = 0.)

The analytic expression for the one-loop contribution to the vertex
function has the form

a*K 1 1 1
.'YV ~ ’Y ~ fYV_'
204 Vg — py+ K o — pr + K K

Calculating the contribution of this graph to k,I',, we again obtain the
combination k7, in the numerator and write it as

vy =k =p1—p2 = (mo — P2+ k) — (mo —p1 +#). (4.54)
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d*K 1 1 1
]{?A(l):€2/ T 75 v =YW Y=Y | -
o (2m)%i k7 Vmo—ﬁﬁ-k”y Pymo—ﬁQ-i-k?’fy

The first term in this expression for kuA,(}) arose as the result of cancel-

lation of the first term on the right-hand side in (4.54) with the electron
propagator with momentum ps — &’. The second term is the result of a
similar cancellation of the electron propagator with momentum p; — &’.

)

Graphically the right-hand side of the expression for k:HAL1 looks as

p1— K p2 — K

K K

or, analytically,

kAL = S0 () — 5O (5y). (4.55)

Similar expressions can be obtained for higher order diagrams. Their sum
gives exactly (4.53).

The generalized Ward identity at small momentum transfer has the
form

L 9G(p) . 9G\(p)

kuDu(p1,p2) = G (b2) — G (potk) = 95 e~ — o Yk,

and at zero momentum transfer degenerates into the equation

0G—(p
mmm:——E}%m
which may be written as
9G~ (p)
Lulp,p) = — ; (4.56)
H 8]9“

since v, = dp/dpy.

With the proof of the generalized Ward identity we conclude our con-
struction of quantum electrodynamics which contains only renormalized
charge, renormalized vertex function, and renormalized Green functions.
Further problems are connected with the study of the exact Green func-
tions D¢ and G¢, and the vertex part I';,. In lower order approximations,
however, the corresponding calculations are straightforward and relatively
simple.
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4.7 Radiative corrections to electron scattering in an external
field

Let us consider radiative corrections to electron scattering in an external
field. As we discussed in Section 2.8, such a process is just a scattering off
a heavy particle. The amplitude of this process in the tree approximation
has the form

b1 . P2
i q = eti(p2)yuu(p1)Ap(a), (4.57)
where .
Ap(g) = 790 (4.58)

and J, is the Fourier component of the macroscopic heavy particle cur-
rent.

What happens with this one-photon exchange diagram when we take
into account processes of higher order? First, the vertex gets dressed, and
an additional factor \/Z5 arises for each electron line:

V7 T, 7

i = eti(p2)L}, (2, p1)u(p1) Au(q), (4.59)

where I', = Z 1I’Z. Second, the external field A, also changes. Indeed,
according to (4.58), it has the form

0 _ 0
A,u(q) - eD,ul/(q)jV(Q)a
and the higher order corrections lead to

Aulq) = qzuf—%@(q) (4.60)

The field is modified due to various processes with virtual electron—positron
pairs, such as

oo

e —
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The final expression for the scattering amplitude is

1

WA%-’) (4.61)

F = ecu(p2)L, (p2, p1)u(p1)

with Ag(q) defined in (4.58).

Thus the amplitude is modified due to two effects, namely, renormal-
ization of the interaction, and change of the external field. The external
field changes as a result of production of virtual electron—positron pairs
in the vacuum. The sign of this change may be easily determined from
physical considerations. Assume, for example, that the heavy particle has
a positive charge. If an electron—positron pair is created in the field of
this particle, the positron is repulsed and moves away to a larger distance:

/

e ot

* e

s
@

The heavy particle is thus surrounded by negative charges, and its observ-
able charge decreases. This effect is called vacuum polarization, and it is
similar to the polarization of a dielectric by an external free charge. In
the case of a dielectric the molecular dipoles play the role of the electron—
positron pairs.

The physical and bare charges are connected by the relationship (4.48)
(recall that Z; = Z5 due to the Ward identity)

62 = Zg e%.

Our simple consideration immediately leads to the conclusion that Z3 < 1,
and the physical charge is screened. It is just this screened charge squared

5 4

= B

that we observe at macroscopic distances. If we came closer to the
electron, we would start feeling its bare charge squared which is larger
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than 47/137.

~

-~

l///G; @ \\

'® @ @/\I

® ®
\\\@’ P

Thus we can expect that
I1°(¢%) >0, M°0) =0,

and the interaction would grow at large momentum transfers (correspond-
ing to small distances):

2
2 e 2 2 2
ef ~ ——=——5- > e. Wwhen > me.
0 1 — HC( q2) c |q |
As we have seen, corrections to the electron scattering amplitude in an
external field are due to vacuum polarization and to corrections to the
vertex function. Now we will calculate the contributions of both these

effects to the scattering amplitude to first order in e2.

4.7.1 One-loop polarization operator

According to the Feynman rules the electron—positron contribution to the
polarization operator

et

has the form

d*p 1 1
Hyk:—é/——fﬂ- 7, - . 4.62
v (K) (2m)4i (7“m—p7m—ﬁ+k> (4.62)

Other particles also contribute to the vacuum polarization operator. The
muon contribution

wt
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can be calculated similarly to (4.62). Calculation of the proton—antiproton
contribution

is much harder, since besides the electromagnetic interaction the protons
are also subject to strong interaction. This is still an unsolved problem
but, as we will see, at small momenta the contribution to the polarization
operator of any particle-antiparticle pair behaves like ~ k?/m?2, where m
is the mass of the respective particles. Thus, at small energies even the
muon contribution is negligible. More careful investigations of radiative
corrections at not too high energies guarantee that there are no unknown
light charged particles.

Returning to the calculation of the polarization operator II,,, let us
write it in the form

M = (guk® — Kk, )TI(E?).

Then

d*p Tr[fyy(m-l-]ﬁ)’Yu(m‘f‘]a_]%)} (

I, = 3k°TI(k?) = _ez/ e B — =0 4.63)

The trace in the numerator is easy to calculate:

T {%(mﬂg)%(erﬁ_/;)} =Tr [(4m—2ﬁ)(m +ﬁ—ff)]

(4.64)
= 16m? — 8p(p — k).

In this calculation we made use of the fact that the trace of the product of
an odd number of y-matrices is zero, and also used the auxiliary relations
for y-matrices

YWY =4, whrw =-2p, Tryyn =49 -

Substituting (4.64) in (4.63) we see that the integral (4.63) diverges at
large integration momenta. However, radiative corrections are determined
by the subtracted polarization operator I1¢(k?),

TI(k2) — T1(0)

(k) = =7~ 11(0)

o (k%) — 11(0), (4.65)



206 4 Radiative corrections. Renormalization

which is convergent. |

We start the calculation of the integral (4.63) using the analytic prop-
erties of the integrand in the plane of complex py. The first denominator
generates poles of the integrand at the points

Plo = £\/m? +p? e,

the second one generates poles at the points

Pg,4:k0i\/m2+(l3—k)2—i5-

We will calculate the polarization operator at space-like momenta k? <
0, its values at time-like momenta will be obtained by analytic contin-
uation. For space-like k we can always choose a reference frame where
ko = 0. In this reference frame the poles are symmetric with respect to
the imaginary axis in the energy plane as shown in Fig. 4.3.

Then we can rotate the integration contour from the real to the imag-
inary axis. This is allowed since in the process of rotation the contour
does not cross any singularities.

I Rigorously speaking, the integral (4.63) is quadratically divergent and one subtrac-
tion in (4.65) would not make it convergent. However, we have to recall that the
polarization operator II(k?) was essentially defined as the factor before the tensor
kuk, in (4.26) in the representation of the polarization operator in terms of inde-
pendent tensors. Comparing representation (4.26) with the explicit integral for the
one-loop contribution to the polarization operator 11, (k?) in (4.62) it is easy to see
that the integral for TI(k?) defined in this way diverges only logarithmically. Then
one subtraction in (4.65) really makes it convergent. We have introduced a fake
quadratic divergence in the integral (4.63) when we carelessly assumed that the inte-
gral in (4.62) has the proper transverse structure. Sure, such structure is imposed by
current conservation, but literally we are dealing with the divergent integral, and this
condition may be apparently violated by the divergent terms. Anyway, it is easy to
check that the fake quadratically divergent term in (4.63) is real, and thus our care-
less treatment of the integral (4.63) did not change either the analytic structure or
the imaginary part of this integral. We are going to calculate the integral (4.63) using
the analytic properties of the integrand and, hence, we can ignore all complications
mentioned here.
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0 0
Py Do A
. X

50
R

Fig. 4.3

The integral after the rotation is obviously real because only quadratic
expressions in pg enter the integrand in (4.63), and the integration volume
element

d'p _ dpod’p _ dpyd®p
(2m)4i  (2m)di (2m)d
is also real after the rotation. Hence, the integral (4.63) is real on the real
negative half-axis (bold line in Fig. 4.4) in the complex k? plane.

®

A

Im I1(k?) =0

Y

Fig. 4.4

Moreover, the polarization operator does not have any singularities at
negative k2, since the denominator in (4.63) does not turn to zero any-
where on the rotated contour. (To secure convergence of the integral at
large p?, we can cut off large integration momenta by an auxiliary param-
eter A. We will return to this problem later.) Let us see where in the
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k? plane the integral (4.63) may become complex. Positions of the poles
in the py plane depend on k2, and the poles pg and p{ move as functions
of k.

For time-like k it may happen that at certain k2 either the poles 4 and
1 (for kg > 0) or the poles 3 and 2 (ko < 0) will collide (p§ = p? or
p3 = pY) and pinch the integration contour. At this moment the contour
is immobilized, and one cannot deform it to avoid zero in the denominator
of the integrand (see Fig. 4.5).

p4/,_pg_‘\
) X =~ -
» AN
S 4
1 P3
Fig. 4.5

Thus at a certain kg the integrand becomes infinite on the integration
contour. This means that at this point the integral (4.63) has a singularity
and may become complex. Let us determine the critical kg > 0 from the
condition p] = p{:

ko = \/m2+p?e/m?+(p k)2 (4.66)

We see that an imaginary part of the integral arises only at sufficiently
large kg, when there is enough energy to create two real particles with

energies
\/m? + p? and m? + (p — k)?

~orr

(The integral can also acquire an imaginary part at

ko= —\/m?+p? —\/m? + (p — k)2, (4.67)
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corresponding to the same point in k2. Physically this case is not inter-
esting since it corresponds to negative photon energy.)

Apparently, the condition (4.66) for the position of singularity is not
relativistically invariant. To write it in a relativistically invariant way,
let us go to the reference frame where k = 0 (this can be done because
k% > 0). Then

kg = k* = 4(m® + p*),
and the singularity arises at
k2 > 4am?. (4.68)

Consider the k? plane cut from the point 4m? along the real axis to

infinity:

4dm

It is clear that the integral (4.63) has no other singularities in the complex
k? plane besides the singularities on the positive real axis. Then it is
an analytic function in the cut k? plane, and we can write a dispersion
representation for I1¢(k?):

II°(k?) = (4.69)

s

1 [ dk?ImTI¢(k"?)
AmQ k2 — |2 ’
If this integral is divergent at large k2 (which it is), we can improve its

convergence by subtracting I1¢(0) since the physical polarization operator
should satisfy the condition I1¢(0) = 0 anyway. Then we obtain

1 1 1
Cc(1.2\ __ 2 c 2
(k%) = ;/dk/ Im IT¢(k'2) [71«2_1@ __w]’

and, since an imaginary part exists only at k? > 4m?,
k2 oo dk™? ImII¢(k"
A2 k'Q(k)'Q _ k2)

s

(4.70)
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Let us now calculate ImIT¢. The pole p§ moves with kg increasing and

drags the integration contour, and the imaginary part of II,,, = 3K2T1(k?)
arises when the contour C' passes the pole p) (see Fig. 4.6).

- = — = = = = == — = -

o-f —-
\j

»—lOX

Fig. 4.6

After the pole has been passed, the contour C' may be represented as a
sum of two contours C7 and Cs shown in Fig. 4.7.

. G
Cy (O P
X 0

b1

Fig. 4.7

The contour C is a straight line slightly above the real axis, while the
contour Cy is a closed loop around the pole at p}. It is easy to see that
the integral over C is real, and an imaginary part is due to integration
over Cy. This last integral is just the residue at the point py = pJ, and
we obtain the pole contribution to 3k%I1(k?)

o [ dp Tr(...) 1
- / (2m)% (m? — p? —ie) 2(ko — /m? + (p — k)?)’
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Then the calculation of the imaginary part of the polarization operator,

3 2 _ 2
3k2 Im II(k?) = —6271'/ ' o(m” — p’) Tr(...),
(2m)3 2(ko — /m? + (p — k)?)
is easy using (1.164):
1
Im ————— = 7d(m?—p®) = w6, (m?—p®) (since py = p§ > 0).

m2 — p? —ie

Writing the integration volume as

3
2(ko— md?i (p—K)?) o (ko—\/m) 0 (mQ—(p—k)Q)

=d'ps, (m* — (p—k)?),

we immediately come to an explicitly relativistically invariant represen-
tation for the imaginary part of the polarization operator:

3k? Im II(%?)

:_62”/(;;];35+ (m*=p?) 6y (m* = (0= B)?) Tr(...). (4.71)

This imaginary part coincides with what we would obtain from the uni-
tarity condition (compare with the discussion in 3.3.4), i.e. with the ex-
pression given by the diagram

containing real particles (see the rules for calculation of the diagrams
with real internal particles in Section 1.13). Thus, we have confirmed
once again that the Feynman diagrams satisfy the unitarity condition
automatically.

Using the explicit form (4.64) for Tr(...) we derive from (4.71)

3k Im TI(E?)
= —¢? / 8—7:;[16m2—8p2 + 8pk|dy (m?—p?)o, (m?* — (p—k)?).

Due to the condition

pPP=m? = mP-(p-k?=2pk-k=0 — 2pk=Fk
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imposed by the d-functions, the integral in equation (4.72) reduces to

22 8m? + 4k? [ dip

The simplest way to calculate this integral is to go, once again, to the
reference frame where k = 0. Then (p — k)2 — m? = —2poko + k% and
d*p

d3p 1
@M(PQ —m?)84 (k> — 2poko) = / Wfs(]?g —pi - m2)2—k07 (4.73)

where pg = k?/2ko = ko/2 and p. = |p|. In spherical coordinates, d®p =
p2dp. x 41 = 27mp.dp?, and the integrand in (4.73) can be written as

Wm 11 \/ —4m2 4m2
8772 21<: P Srky 2 ~ 167

Then
2 8m?2 4+ 4k% k2 —
ImII(k2) = ———
m (k) 167 3k2 ;2
B e? 2m?2 + k% k2 — 4m2
T 4m 3k2 K2
and finally
2m 4m?
ImII(k%) = 1 1— —. 4.74

Let us note that due to (4.65), ImI1(k?) equals Im IT¢(k?). Hence,

ak;2 Am2 dr?y/1 4:; ( = ) (4.75)

K2(K% —

Let us calculate the polarization operator (4.75) in two special cases of
small and large virtualities k2.
For k? — 0, we obtain after the substitution x = 4m /x>

e (2) ~ — % /1dmm (1+§) _ ok (4.76)

3rdm?2 J 15mm?2’

i.e. the polarization operator vanishes as II°(k?) o k? when k? — 0, as
expected.

For large negative virtualities, |k?| — oo, the main, logarithmically
growing, contribution to the integral comes from the integration region
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with momenta 4m? < k% < |k?|, where the integrand behaves as dx?/k?.
This leading contribution can be easily calculated:

—k2 2 2
@ dk a . —k
I1°(k? g—/ —~ —In—-. 4.77
(%) 31 Jam2 K2 3r Ry ( )

The logarithm in (4.77) is in fact the main problem of quantum electro-
dynamics. For example, this logarithm enters the amplitude for electron
scattering by an external field with momentum transfer ¢ (¢* < 0) through

the factor .
2\
e
1 —1I¢(¢?) 3r m?

which means that the amplitude acquires a pole at very large space-like
momentum transfer. This singularity has an obscure physical meaning,
and this is a real difficulty. We will temporarily postpone consideration
of this problem and turn instead to the radiative corrections to the inter-
action vertex.

4.7.2 One-loop vertex part
Let us look at the scattering amplitude given in (4.61),

1

WAg(Q),

F = ecu(p2)T,(p2, p1)u(p1)
from a new perspective. For small momentum transfer ¢?

—  ~ 14 %

and taking into account that
c _ c
Pu - 7# + A;u
we obtain

F ~ e.u(p2) [’m(l +11°(¢%)) + AZ(m,pl)} u(p1)Ap(q). (4.78)

All terms in the square brackets here are proportional to 7,, and the
factor before v, differs from unity due to contributions of the vacuum
polarization and the vertex part. The non-vanishing vertex part contri-
bution A¢ demonstrates that the charge distribution inside the electron
has a finite radius. Indeed, the usual quantum mechanical form factor for
a particle of finite size, at small momenta transfer has the form

2
q7Ty

F ~ 1
(q) +
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where rg is the mean radius of the charge distribution.
In the first order of perturbation theory the vertex part A, is

d*k 1 1 1
2
Yy - —v,—, (4.79
c/(277)427 m—ﬁg—Fk’yum—ﬁl—{—kjr}/ k2 ( )

and

AL = Ay — Ay(m,m). (4.80)
In Section 2.4 we have written the most general expression for the electron—
photon vertex on the mass shell:

u(p2) Ay, (p2, p1)u(p1) = u(p2) [avu + bouwa Ju(pr). (4.81)

The total vertex part was parametrized as
Pu = a/}/u + quVQVy

where @ = a(q?), b = b(¢?) and a(0) is simply the charge of the particle.
According to (4.80), the function a(q?) vanishes at zero ¢?

while (0) may be different from zero. We have shown in Section 2.4 that if
b = 0, the electron has a magnetic moment equal to the Bohr magneton.
The non-vanishing b # 0 means that due to interactions, the electron
acquires an additional magnetic moment which is called the anomalous
magnetic moment. It is clear from the explicit form of (4.79) that there
are no special reasons to expect b(0) = 0. Direct calculations confirm that
b(0) # 0.

We have constructed electrodynamics starting with the simplest as-
sumption that the electron—photon interaction is described by a vertex
with a(q?) = const = e and b(¢?) = 0. However, a non-trivial electric
form factor (dependence of @ on ¢?) and an anomalous magnetic moment
arise when higher order contributions are taken into account. This effect
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can be easily understood qualitatively. Let us consider the process

Even if the electron was initially at rest, it acquires a non-vanishing mo-
mentum after the emission of a virtual photon. Hence, the external field
interacts with a current

and not with a static charge. Electron motion, naturally, generates a
magnetic moment. An electric form factor arises since the charge in this
process is effectively distributed over a finite region rg ~ 1/m:

First order perturbation theory correction to the electron magnetic mo-
ment was calculated by Schwinger [3] in 1948:

1= o (1 + %) . (4.82)

We will briefly outline the calculation of the one-loop vertex part A,(})

by the Feynman method. The explicit expression for A, in the first order
. 2 .
in e is

q

4 . L

2m)4i [m? — (p2 — k)?|[m? — (p1 — k)?]k?

b1 D2
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To calculate such integrals Feynman invented the identity

1 1 /1 doydasdad(ar + as + ag — 1)
; )

I 4.84
abc 3! aay + bag + cag)? (4.84)

In our case
1 1
abc — [m2 = (pa — k)2][m? — (p1 — k)2]k2
1 doydagdas 6( o — 1)
3l / {ask? + as[(p2 — k)? — m?] + an[(p1 — k)? —m?]}*

The d-function gives a3 =1 — a1 — ag, and then

1 1 / daldagdagé(z o — 1)
[

abe 3! k% — 2k(oap1 + aop2)]?

Shifting the integration variable
K =k — a1p1 — aops,

we get rid of the term linear in the integration momentum in the inte-
grand,

klk — 2(cap1 + aops)] = (K + a1p1 + agp2) [k — (cap1 + aop2)],

and obtain

11 / daydagdazd(y a; — 1) (4.85)

abe 3! (k"2 — (a1p1 + cop2)?]?
Then
1 o [ d*k
A, = 3 /daldc)@dagé(z a; — 1)e; / 2
o Yo[m 4 (1 = ag)pa — arpr — Kyu[m + (1 — a1)p1 — aaps — K]y,
[k = (o1 + a2)?m? + a102¢?]?

)

where we have taken into account that ¢? = (p1 —p2)? = 2m? —2p1ps. We
now omit the terms linear in &’ in the numerator of the integrand since
they obviously give no contribution to the integral. The remaining terms
in the numerator have the form

fl(q27 Qaq, 042)% + f2(q2, Qi OéQ)Uun + klZ’Yu- (4.86)

Thus, the calculation of the momentum integral reduces to the calculation
of two standard integrals:

d*K 1
= / (@m)% (K2 — AP (4.87)
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and

d4]€, k/Z
L= [ N T (4.88)

In these integrals we can rotate the integration contour in the complex &,
plane from the real axis to the imaginary axis because the contour does
not cross any physical singularities in the process of rotation.

The rotation effectively reduces to the change of variables

ky=ikj and K?=k" K=k -K?

and after the rotation, integration effectively goes over the four-dimensional
Euclidean space. Angular integration in spherical coordinates is trivial,

d4]€/ — 7T2kl2dk‘l2,

and we obtain

d*K' 1 w2k dk"?
I = _/ @m)t (K2 + A)3 - _/ @m)i(k2 + A)3

B _/OO 2z dx L 1
o o)A+ AP 16m2AT
Similarly,
I _/ w2k dk? B /OO w2x2dx
2T enik2+ AP T Jo @m)i(z+ A)

oo _ 2 oo oo 0
R JI R W NI
1672 Ja y3 1672 [Ja y N Ay

()3
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The last integral is logarithmically divergent at large integration mo-
menta. This ultraviolet divergence in the vertex function can be removed
by renormalization, i.e. by subtracting A, (m,m) which contains exactly
the same divergent logarithm In(y/A(q = 0)).

However, the subtraction creates a new problem. The electron mo-
menta in the subtraction term are on the mass shell (p? = m? and
p3 = m?), and the integral for the subtraction term in this case becomes
logarithmically divergent at small photon momenta k. Indeed, for real
electrons the denominator of the integrand in (4.83) at small k? has the
form

[m? = (p2 — k)% [m? = (01 = k)] K2 = (2pok)(2p1k) 2.

High power of k in the denominator immediately generates a logarithmic
divergence [ d*k/k* at small k.

We have already encountered infrared divergence in Section 2.9, when
we considered bremsstrahlung (see (2.148))

dw
do x e2—.
w

As mentioned there, the infrared divergence is the result of incorrect treat-
ment of the scattering problem. Indeed, for sufficiently small w the ex-
pansion parameter is not small, and the perturbation theory cannot be
applied. On the other hand, the problem is unphysical in the following
sense: in any experiment, as soon as a charged particle is born, photons
are also created. There is no way to create a charged particle without
accompanying photons, since the particle always emits soft photons un-
der the influence of an arbitrary small perturbation (and the smaller the
photon frequency, the larger their number). How can one overcome this
difficulty? We could assume that the initial state consists of an electron
and a large number of photons, i.e.

However, such an approach would suffer from a certain ambiguity. The
bulk matter is always neutral (atoms are neutral), and the number of
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photons in the initial state would depend on how the charged particle
was produced.

Thus, the only consistent way to treat the problem is to start with
neutral matter and to take into account the real production process of
charged particles, for example

atom

p

From the physical considerations above it is clear that the probability
to create an electron without accompanying photons is zero. However, a
perturbative calculation of the cross section of, for instance, the process

®.

generates infinitely large corrections.

In fact, we also have to consider processes with production of many pho-
tons. Suppose, for instance, that two non-relativistic particles of opposite
charges e and —e and energies ~ € are produced with relative velocity v.
Then the cross section of a process in which n accompanying photons are
emitted has the structure

1 /o " «
Op ~ — (—vzlni) exp{——vQIHE}.
n! \w w T w

We see that the probability of emission of any fixed number of photons
tends to zero with w — 0. Summation over all possible emissions leads,
however, to a constant cross section,

E o, = const.
n

To discuss the probability of emitting exactly n very soft photons would
be meaningful only if we had the experimental means to detect photons
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with fantastically small frequencies. Experimentally the parameter a/m ~
1/500 is very small, hence, the infrared logarithm becomes large (and
the respective radiative effects measurable) only at academically small
frequencies.

In practice, a different approach to scattering processes is used. Real
photon detectors always have a finite detection threshold w,;,, which is
determined by the details of the experimental facility, by the sensitivity
of the instruments, etc. The photons with frequencies w < wy,;, always
escape undetected. Then the experimentally measured cross section is
the sum

do = dog + doy,

of the elastic cross section dog, and of the cross section do, that sums
all inelastic processes with the emission of real photons with frequencies

smaller than wy;,, for example,

T T
! !
| |
| |
1 1
| |
| |
1 1
| |

In order to calculate such an experimentally measured cross section it
is convenient to introduce temporarily a small photon mass A. Then the
free photon Green function is proportional to

1

k2 — )2’

and calculating the vertex part A,
(wl%ﬁ

T
!
|
|
1
|
|
1
|

q

at small momenta transfer |¢%|/m? < 1, we obtain

« m 3] ¢* «
A=~ —|In——=| —+—0,0q. 4.89
" 7“37r{n)\ 8] m2+4m710“q (4.89)
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The first term in (4.89) was calculated by Feynman [4], the second by
Schwinger [3]. The latter term is just the anomalous magnetic moment
a/2m of the electron.

Now we can calculate the experimentally measured cross section for the
massive photon. The result turns out to be independent of the auxiliary
photon mass A\ if this mass is smaller than the threshold of sensitivity of
our detector, A < wpin:

A m

m
do=d d < Win In— +1 .
o=dos+doy(w < wpin) o« In 3 + nw][nin -~

The physical answer depends on the experimental energy resolution, and
this solves the problem of infrared divergence.

4.8 The Dirac equation in an external field

We have calculated the first order corrections to scattering of electrons
by an external field:

In certain situations it is necessary to include many higher order cor-
rections. For example, for electron scattering off a nucleus with a large
atomic number Z the role of the expansion parameter is played not by «
but by Za, and Za may be large for a heavy nucleus. Fortunately, the
situation is somewhat simplified by the fact that all particles with large
Z have large masses M > m,, and in the leading approximation we can
neglect recoil corrections of order m/M.

We consider the interaction of a heavy charged particle with an electron
and try to find all corrections in Z«, neglecting recoil. Interaction of a
light and a heavy particle (shown by the double line) is described by the
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diagrams
e
T
|
|
|
|
1
Ze
e e (& e
— S
| | /
+ o + -
. N
Ze Ze Ze Ze
e l e l l
| | |
+ ! + ! + ! etc.
| Ze | Ze Ze | Ze Ze
e e
We start with the three pure exchange graphs:
T1 T T2 1 x’ x" T2 1 x’ x” T2
: — S
: + : : + AN
| o S
| | | \
/ " / "
Y1 Y Y2 Y1 Y Y Y2 Y1 Y Y Y2

Let us see what happens with these diagrams when the lower line describes
propagation of a heavy particle. The momentum of a heavy particle is
small compared to its mass, p> < M?, and the free Green function of a
heavy particle with spin 1 (2.56),

d'p M+p
— —ipy__ " TP
G) / Cm%©  MZ—p2—i5 (4.90)

may be simplified.** For the heavy particle we write pg as
bo = M+ &,
** Unlike (2.56) we use id instead of ie here to describe how the poles are shifted from

the real axis, because ¢ is reserved as a standard notation for the binding energy in
a bound state problem.
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where ¢ < M plays the role of the kinetic energy. Then

2
M2—p2:M2—(M+6)2+p2:—2M6+p2:2M<p——g>,

2M
and
o) = / ded®p e " MTETM(1 4+ ) + £70 — p - 7)€Y
Y= ] 2n)s “oMe —i6 + p?
e tMT d3p p2 p2
= 0 LM TePY | M(1 2 =D (4.91)

-
= o(r)e M0 5y,
This is a natural result which simply means that up to corrections of the
order of p?/M? the heavy particle propagates forward only in time 7 = yg
and stays practically at rest. Then in the diagram

Al T i)

n Y Yo

the heavy-particle line with an attached exchange photon is described by
the expression

Ze /G(yz —9)iv,G(y — y1)D(z — y)d'y

. 1+ 1+
=iZed(y2 —y1) 2%% 2%
| | (4.92)
X /dTefz(U*T)M*Z(T*Tl)MD(:c —y)0(mo — 7)0(T — 1)
—iM (To—T 1+
=8(y2 — y1)guoe M [—u(x — y1)] 270,
where -
u= —iZe/ drD(t — 1,x —y1)0(m2 — 71). (4.93)
1

In the derivation of (4.92) we used the trivial identities

1+ 1+% 14+%l=%_ _,
5 1T g 2 g 1T

I+7%_ 14+7% _1+7%

2’)’02 5
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so that
I4v% 1+7% 14+

2 Mg T 9T
Let us calculate the integral (4.93) at 71 — —oo0 and 79 — +00. Using
the explicit form of the photon propagator

(4.94)

dik e~ tko(t—7)+ik (x—y1)
2m)4i k3 — k2 ’
0

Dt -rx—y) = [

we obtain

d4k: —iko(t—7)+tk-(x—y1)
= —zZe/ dT/ ¢ -

dAk e*lkotJrzk (x— y1)
= —iZe/ , 5
(2m)4 kG —Kk?

Bk ek x=y1) Ze
= —iZe/ - = .
(2m)3i  —k? 4mt|x — y1|

278 (ko)

This is the usual Coulomb potential created by the charge Ze:

u= L. (4.95)
dm|x -y

We see that the expression for the lower part of the diagram with
the one-photon exchange in (4.92) is just a product of the free heavy
particle Green function (4.91) and the Coulomb potential (4.95). Only
the Coulomb potential u in (4.92) contains the coordinate of the electron.
Hence, the graph with one-photon exchange may be represented as a

disconnected diagram, corresponding to two independent processes

—Uguo

x

The double line describes free propagation of the heavy particle (4.91)
while the upper line, with an attached cross marking the Coulomb poten-
tial (in the limit 77 — —o0, 79 — 00) describes the scattering amplitude
of an electron in an external field created by the heavy particle with
charge Ze:

/d4x G(z2 — ) [—iveu(z,y)] G(z — x1).
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Let us now turn to the ladder two-photon exchange:

1 x " 9
T T
| |
| |
| |
| |
| |
| |

/ !

Y1 Yy Y Y2

The double line with the attached photons now corresponds to the ex-
pression

/ Glya—y")inuZe G(y" —y') i Ze G(y —y1)D(a' —y') D (2" —y")d*y' d*y"

1+

i iguo Ze 8(yg — y1) e M=)

= iguo Ze
X /dT'dT"D(t' -7 x —y) D" - 7" X" —y1),

where the times (7 = yg) on the heavy-particle line are ordered according
to 11 < 7/ < 7” < 7. The time integrals do not factorize only because
the integration variables are ordered by these inequalities. Happily the
crossed ladder diagram

1 x z” To

n Yy Yy Yo

contains exactly the same analytic expression, but with the integration
variables subject to the complementary restrictions 71 < 7 < 7/ < 7.
Then the sum of these two diagrams produces an integral with no restric-
tions on the interaction times 7/, 7", and the integrals over 7/, 7" factorize.
Each of these factorized integrals gives the Coulomb potential, and the
sum of the ladder and crossed ladder diagrams is proportional to

T " xo a2 7" o

i i + >< x G(ya—u1) [—u(x' —y1)] [-u(x"—y1)]

Y1 Y2 U Yo
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Hence, the scattering amplitude with two-photon exchange is again a
product of two factors, and may be represented as a disconnected diagram

/ "
I T T i)

1 Y2

The lower line describes, as before, free motion of the heavy particle, and
the upper part describes an independent process of double scattering of
the electron by the Coulomb source.

Factorization into a free heavy particle propagation and an electron
scattering in the external field is replicated in the sum of the diagrams
with any fixed number of photon exchanges. This factorization simply
means that the heavy particle neither experiences recoil, nor produces
retardation.

Thus the total amplitude for electron scattering by a heavy particle may
be represented as a sum of the factorized contributions, which reduces to
the product of the electron Green function in an external field G, and the
free heavy particle propagator:

x1 T2

\ L1 T2 T1 To X1 9
= + + 4.
W Y2 Y1 Y2 Y1 Y2
U1 Y2
= G(y2 — y1) Ge(x2, 215 y1). (4.96)

Summing the diagrams for the electron Green function in the external
field we immediately come to a graphical equation

T X2

= + + + o (497)

X1 Ty T x T2
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where the bold line represents the electron Green function in the external
Coulomb field. Analytically equation (4.97) reads

Ge(z2,715y1) = G(22 — 771)

+/d435 G(z2 — z)[—ieyou(x,y1)|Ge(T, 215 y1). (1.98)

This integral equation may be easily converted into a differential equation
with the help of the Dirac equation (2.54) for the free electron Green
function:

(z”yu% - m) G(z) = id(x).

Acting on (4.98) with the operator Wu% —m, we get
i

. 0 .
(wﬂ&c—gﬂ - m) Ge(ﬁvz,ﬁﬂl;)’l) 215(332 - 331)

+ evou(x2,y1) Ge(z2,21;¥1),

or

0 .
<z'yu T m — e’you> Ge(z2,21;y1) = 10(x2 — 7). (4.99)
n
The Green function may be represented as (compare (2.58), (2.59))

SO (@)U (1), by >t

G (.%'2 xl'yl) = "

[S] b ) -

S () U (1), b <t
n

where {¥,,} is a complete set of normalized solutions of the Dirac equation

in the Coulomb field

0 Ze?
Ny —m — Yg——— ¢ U, (z) = 0. 4.100
{m L } (z) (4.100)

So far, we have collected all corrections in Z« generated by the diagrams
with multiphoton exchanges. These corrections are effectively described
by the diagrams

, etc.
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which can be summed with the help of the electron Green function in the
Coulomb field.

There exist, however, other large contributions, for example self-energy
corrections to the heavy line. In the first order in Z2%e? we have

A\/\/L = G(y2 —y1) (—2262/ i dr'dr" Doo (7" — T')) (4.101)
T1

71<T’<T”<Tg;

in the next order, (Z<e 2 2

mﬁ”@ﬂuﬁ

etc.

As in the case of multiphoton exchanges between the heavy particle
and the electron, summation of diagrams with a given number of photons
attached in all possible orders effectively lifts restrictions on relative times
and, as a result, integrations over the time coordinates of each self-energy
insertion go independently of one another. Then the integrals again fac-
torize and turn into products of a free Green function of the heavy particle
and the integrals describing self-energy corrections. This happens for any
number of self-energy insertions.

For example, for two one-loop self-energy insertions we obtain

1
ok <7 (4.102)

T2 2
G(yz - yl) (—Z262 / dTldT”DOO(T” - T/))
1
The factor 1/2! arises here because the number of topologically different
diagrams is 2! times less than the number of photon permutations. For n
one-loop self-energy insertions we similarly obtain

T2 nq
G(y2 — 1) (—ZzeQ/ dr'dr" Do (7" — T/)> — < 7" (4.103)
T n.:
Then we can sum all these contributions:
722 T2 dr'dr" Doo (7! —7!
G(y2 —y1)e c ffl oo ), <. (4.104)

Changing the integration variables 7 = 7"/ — 7/, x = 7" 4+ 7/, and keeping
only the leading contribution o (72 — 71) we obtain

Glys — yr)e~(mmIZ% [2 7 drDoo(r), (4.105)
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It is easy to see that in the limit 79 — 71 — oo the integral in the exponent
is purely imaginary:

dik e tkoT Blke~ ilk|T
/ / 1 k2 — e / / 2|k|(2m)3
After time integration
o0 ' 1
dTe_Z‘kIT = —
/0 ilk|

we obtain

Z“/OOdD (1) 'Z“/ @k 1 6 M (4.106)
e T T)=—iZ%" | ———= = idM. .

o 2lk]? (2m)?

Hence, the exponent in the Green function of the heavy particle shifts
after the inclusion of the self-energy corrections:

Glyz — 1) o e {WHMm=T), (4.107)

Physically this means that the self-energy corrections renormalize the
heavy particle mass. (In our non-relativistic approximation the dM is
formally linearly divergent.)

Self-energy corrections to the heavy particle Green function may also
contain a closed electron—positron loop

~ 7%t

and the particles in the closed loops can themselves interact with the
heavy particle

INE T N N

Summation of any number of these interactions results in the substitution
of the electron Green functions in the external field for the free electron
Green functions in the electron—positron loop. Then the heavy particle
self-energy correction will include the photon Green function with this
dressed electron—positron pair in the Coulomb field,
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instead of the free photon Green function

This again changes only the heavy particle self-energy and does not affect
propagation of the scattering electron.

We conclude that even after including higher order corrections to heavy
particle propagation all our integrals still factorize, and electron scattering
off a heavy particle reduces effectively to two separate problems: electron
scattering in the external field, and heavy particle mass renormalization.

4.8.1 FElectron in the field of a supercharged nucleus

The energy spectrum of an electron in an external field is determined
by the Dirac equation (4.100). To find the spectrum we look for the
energy eigenstates in the form ¥,, = exp(—iE,t)¥,(r), substitute them
in (4.100), and multiply by 9. Then we arrive at the stationary Dirac
equation for a particle in an external fieldff

2

A
(—iaV +mAo — ﬁ) U, = E,0,, (4.108)

where a = 9.

The Dirac equation has both discrete and continuous parts of the spec-
trum. The energies F > m, E < —m belong to the continuous spectrum,
while for |E| < m the spectrum is discrete, and describes the bound

T Note the change of sign of the potential in comparison with (4.100). In the derivation
of (4.100) we have ascribed the charges e and Ze to the light and heavy particle,
respectively. This means that we implicitly assumed that both the electron and the
heavy particle have charge of the same sign. In real life the electron is charged
negatively and the nucleus positively. This means that the Coulomb potential enters
(4.100) with the opposite sign. Below we will always write the Coulomb potential
in the Dirac equation with the sign corresponding to attraction, that is, opposite to
that in (4.100).
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states.
\ F

continuous spectrum
m

bound states

0

—m
continuous spectrum

According to the Dirac equation, the energy E of the lowest bound state

in the Coulomb field is
FE
— = 1— (aZ)2. 4.109
= = 1= (2) (1109)

For the binding energy € (E = m + ¢) we then have

= = \1-(azp-1.

The energy of the ground state decreases with Z

137 4

—m

and becomes zero at Z = 137. The Dirac equation with the Coulomb po-
tential has no sensible ground state solution for Z > 137, since the energy
becomes imaginary. This is a special property of the purely Coulomb
potential. (It can be understood if we represent the Dirac equation in
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the form of the equivalent second-order Schrodinger equation for the two-
component wave function. This Schrodinger equation contains an effective
potential oc 1/7? which leads to the fall of the particle onto the centre for
Z >137.)

A real nucleus, however, has a finite size, and the potential at small dis-
tances differs from a purely Coulomb potential. Then the Dirac equation
has real eigenvalues even for nuclei with Z beyond 137, and we can con-
sider such nuclei without encountering the problem of imaginary energies.
For Z > 137 the ground state energy level sinks below zero

_/
\
N

—m

This means that the atom becomes lighter than the nucleus

Mg = Mzg+me+e < My.

As long as E > —m, the nucleus remains stable since its mass is smaller
than the sum of the masses of the atom and the positron

Mz — (Mg +me) = —2me —e < 0.

Increasing Z further, we reach a value Z., for which the binding energy
becomes equal to —2m, (E = —me). At Z = Z., the decay of a nucleus
into an ‘atom’ and a positron becomes energetically allowed (see Fig. 4.8)
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Fig. 4.8

and the process
Z — (Ze) + et

should take place. Hence, for Z greater than critical, Z > Z,, the nucleus
is an unstable system while the ‘atom’ (ion with a sub-critical charge Z—1)
is stable.

One can easily understand the decay of a supercharged nucleus in terms
of Green functions. The Green function for a heavy particle is propor-
tional to the exponential of the self-energy correction (4.107)

Gz(y2 —y1) ~ em () (2% [T Doo(r)dr),
As we have seen, the free photon Green function generates a purely imag-
inary integral in the exponent. However, taking account of the radia-
tively corrected photon propagator which includes a contribution of the
electron—positron pair in the external Coulomb field

P U UaUaYaVaN _'_ /‘\/\/O‘\/\/\ 5

the integral in the exponent at Z > Z., acquires a real part, i(6M + i7).
This additional real part corresponds to the creation of a real electron—
positron pair in the field of the nucleus. As a result, the heavy particle
Green function decays with time

Gy o e Vm=m),

This damping reflects the decay of the heavy charged particle into an
‘atom’ and a positron.

The atom in the case of the supercharged nucleus remains stable, but
becomes essentially a multiparticle system. In fact, any solution of the
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Dirac equation at E < —m belongs to the continuous spectrum and,
hence, does not decrease at spatial infinity. Nevertheless, the localized
atom exists. This can be explained in the following way. The single
electron state is not localized but undergoes permanent transmutations
described not only by the graphs

T T
| |
| |
| |
| |
| |
| |
| |

which, as we have seen, are relevant in the case of the weak coupling, but
also by the so-called Z-graphs of the type

|
|
|
|
|
|
|
|
T
|
|
|
|

T
|
|
|
|

The electron in the supercharged atom does not preserve its indentity, it
is delocalized and is continuously replaced, but these processes go in such
a way that the charge remains localized. Clearly, such a system cannot
be described in a single-particle framework.

Realistic estimates of the critical charge Z.,. give

Zer =~ 170.

In principle, such charges could be created experimentally in collisions of
two heavy ions when two nuclei come very close to each other. (For a
more detailed description of the behaviour of electrons in critical fields
see, e.g., Popov and Zeldovich [5], Migdal [6]).

4.9 Radiative corrections to the energy levels of hydrogen-like
atoms. The Lamb shift

The case of high nuclear charge Z considered in the previous section is
not the only situation when it is not sufficient to consider contributions
of only a few lowest order diagrams. One should not forget that the
diagrams are functions of the kinematical variables (energy, momentum
transfer), and in certain kinematical regions these functions may become
large, and compensate suppression provided by high powers of a.
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Consider again electron scattering off a heavy particle

2
e Z€2 262
b1 b2 b1 I b2 b1 I I P2
+ 'q + 1q1 4 —q1

|

The second diagram is just the leading order contribution to the Coulomb
scattering, and contains the factor Ze?/q? with ¢ the momentum transfer.
The third diagram is described by the integral

d3 h + G 1
(ZeZ)Q/ gl T+p1+Q12 N
g m*— (P +q)*(¢—q)

Let us estimate this two-photon integral for a non-relativistic incoming
electron. In this case

plozm—{—E, E =

S8

and
2 2 9 2 2 2
m*—(p1+q) =m"—(m+E)"+(p1+a1)” ~2mE + (p1 +q1)°.

The integration volume for the non-relativistic integration momenta g ~
p1 is of the order of [d3q; ~ p}, and the integral can be estimated as
om

~ (Z¢€?)
ot

The sum of the one- and two-photon exchange diagrams is then, symbol-

ically,
72 Ze*m
~ — |1+ .
P P1

The second term in the brackets, Ze?/v, may become large if electron
velocity v = |p1|/m is sufficiently small.

Hence, dealing with non-relativistic electrons with momenta of the or-
der of p1 ~ mZe?, we have to consider diagrams with any number of
photon exchanges on the same footing and sum them exactly (even for
Z ~ 1). As we already know, all orders in Ze? are embodied into the
electron Green function in the external field, which satisfies the graphical
equation (4.97)

= -

equivalent to the Dirac equation. By construction, solutions of this equa-
tion are exact in the small parameter Ze?.
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Consider now even smaller corrections of the order (Ze?)"e? to elec-
tron propagation. These corrections are generated by the processes with
emission and absorption of additional photons by the electron, and by the
processes with additional closed electron loops, like

| | |
| | |
/O\ and : : :
} | |

Let us see how these diagrams change the equation (4.97) for the Green
function in external field.
First, the external potential is modified due to vacuum polarization

Ze?
Ul) — Ula) 1+ |, Ul = (4.110)

where I1¢(¢?) is the photon polarization operator in the external field (i.e.
constructed from the electron Green functions in the external field).

Second, a new term, electron self-energy in the external field (i.e. with
the virtual electron line described by the external field electron Green
function) arises in the equation due to photon emission and absorption
by the electron. Hence, equation (4.97) for the electron Green function
acquires the form

U(q)
= + +
ST weo
+ + ;
0

Let us see how the new terms in this equation affect the energy levels of
the electron in light atoms with small Z, in particular in the hydrogen
atom with Z = 1. The binding energy in light atoms

q? Z2a*m
—m ~ — ~
bo om 2

<m

is small, and the bound electron is non-relativistic.
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For the non-relativistic electron the self-energy correction in the exter-
nal field simplifies. If spanning photons are sufficiently hard,*¥ we can
treat the electron in the intermediate state as essentially free, since the
energy po— ko —m of this virtual electron is large compared to the binding
energy. Hence, for light atoms we can expand the electron self-energy in
the external field in the number of exchanged photons

ST, T T

— T
!
|

and ignore electron binding in the intermediate states. We see that for a
sufficiently hard spanning photon the self-energy correction in the external
field reduces to the one-loop self-energy and one-loop vertex of the free
electron which we have already calculated.

Similarly, for light atoms we can ignore electron binding in the polar-
ization loop as well

since the main contribution to the polarization integral comes from virtual
electrons with high energies.

Let us estimate the relative magnitude of the polarization correction in
comparison with the Coulomb potential U. According to (4.76)

11U a ¢
=~ ———= ~ a(Za)?, 4.111
U 157 m? (Ze) ( )

because |¢?| ~ |p|? and for the bound electron |p| ~ mZa.

We now turn to the correction generated by the vertex function

~ AG(Q)U(q) -

T

|

|

|
As we have seen before in (4.89), the vertex part near the mass shell
(p? =~ p3 ~ m?) has the form

2 A A
c_ a4 (pm_3 pp=m p2—™m
AM_L})WWQ (ln)\ 8)+a - Ci+a - Co| vu, (4.112)

# The contribution of soft spanning photons will be considered separately below.
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where we have omitted the anomalous magnetic moment contribution and
added two contributions which arise because the bound atomic electron
is slightly off mass shell. These are the first terms in the expansion of A,
in powers of (p; —m) and (p2 —m). In a light atom these corrections can
be estimated as a(py — m)/m ~ aq?/2m? ~ a(Za)?.

Consider, finally, the correction induced by the self-energy operator

Near the mass shell p ~ m we have (see (4.18))

(p—m)?

m

Ye ~ o

To find the relative magnitude of the self-energy correction we compare
it, as before, with the Coulomb potential contribution and derive the
estimate

Ec -~ Azc -~ a(ﬁjm)Q/m:aﬁ_mwaq—QNa(Za)2
(U) p—m p—m m m?

This contribution is of the same order as all other corrections (4.111) and
(4.112). It cancels, however, with the last two terms of A}, in (4.7) due to
the Ward identity

0G~1
op

As a result, total correction to the energy levels of relative order a(Za)?
is generated by the sum of the contributions of the first term in Aj, (4.112)
and of the vacuum polarization contribution given in (4.111). The respec-
tive effective potential has the form

Lu(p,p) = —

2
q m 3 1)
U Ulg) |1 m_o2_ 2
(9) = Ulq) +37Tm2(n)\ 8 5]
(4.113)
SR REY R
q? 3rmZ\ A 8 5

The correction induced by the radiative effects is momentum independent,
and corresponds therefore to a contact é-functional potential in coordinate
representation:

a(r) = —o(r)

4 Za? 1
—-a[mT 5 } (4.114)

3 m? 8 5
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So the radiatively corrected equation for the electron Green function in
the external field is

62
[Z’w% —m+ (Z— + ﬂ(?“))] Ge = i6(x),

4rr

and the equation for the stationary wave function has the form
Za
EV = {Oé-ermWo— - T

Correction to the energy levels is given, as usual, simply by the matrix
element of the perturbation potential between the unperturbed wave func-
tions. To calculate this correction we will use non-relativistic Schrédinger
wave functions of the hydrogen-like atom, since relativistic corrections to
these functions contain higher powers of (Za)? and are small for Z ~ 1.

The matrix element of the é-like potential is proportional to |¥(0)[2, and
we easily obtain
42627, m 3 1 ,
AEyj; = 3 [ln N3 g} |1 (0)]7, (4.116)

where n is the principal quantum number, j is the total angular mo-
mentum, and £ the orbital angular momentum of the electron. In the
non-relativistic approximation only the wave functions of the S-states
(i.e. states with ¢ = 0) do not vanish in the origin. At r = 0 the value of
the Schrodinger—Coulomb wave function squared is

1 faZm\?
|U,,s(0)]* = ;( " ) , (4.117)
and (Za?
4da(Za)*m m 3 1
AE,s = -———— —— === 4.118
" T3 pin [DA 8 5]’ (4.118)
or, in terms of the Bohr ground state energy Ep = a?m/2,
8 Z%3 [ m 3 1
AE,s = — ———-——| EB. 4.119
" 3r nd {n A8 5} B ( )

Due to this correction the 2S;,5 energy level in one-electron atoms is
shifted upwards with respect to the 2P, level. This ‘Lamb shift’ was
discovered experimentally by Lamb and Retherford [7] in 1947.

The expression (4.119) for the Lamb shift depends on the unphysical
photon mass A. It emerged in our description of electron scattering when
we wanted to get rid of the infrared divergence at small photon frequen-
cies. We have seen that creation of a charged particle is accompanied by
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production of a large number of soft photons, and the auxiliary photon
mass disappears from the final result if one properly takes into account
this accompanying radiation. Now, however, we consider an atom which
is a neutral system and, hence, there is no real photon emission. This
means that there is no reason why any photon mass should enter the
expression for the radiative shift of energy levels.

What did we do wrong? Recall that the mass A arose because we
replaced the Green function of the bound electron by the free Green func-
tion. For very soft spanning photons this is obviously wrong. Such an
approximation is valid for kg > Zam, but if kg is less than the binding
energy, electron binding becomes essential. Fortunately, while emitting
(and eventually absorbing) very soft photons with kg < m the electron re-
mains non-relativistic, and the respective contribution may be calculated
in the framework of non-relativistic quantum mechanics.

k k

-

ko < Zam

For light atoms aoZ <« 1, and the regions kg > Zam and kg < m overlap.
Then we can match the contributions obtained in two different ways and
express A in terms of parameters of the non-relativistic theory:

where ¢ is the average ionization potential for the atom (characterising
typical binding energy).

The smallness of the parameter Za is crucial for the validity of our
calculations. In heavy atoms (Za ~ 1) the electron is relativistic, and
the regions where different approximations work do not overlap. In such
a case only numerical calculation of the Lamb shift is possible.

To obtain a complete expression for the Lamb shift in light hydrogen-
like atoms, in the final result one also has to restore the anomalous mag-
netic moment contribution from (4.89). Then an additional term 3/8
arises in the brackets in (4.119), and we finally obtain

4 a(Za)*m [ m 19]
AE,; = —————— |In — + —|. 4.120
T s Mg, T30 (4.120)
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Difficulties of quantum electrodynamics

5.1 Renormalization and divergences

We have considered the exact electron Green function G (4.13),
1
G=——"—F—,
mo — p+ X(p)
the exact photon Green function D, (4.36),
B 1
R —TI(k2))
and the exact vertex part I', (4.39), and demonstrated that all observables
may be calculated in terms of these three functions.
As we discussed, the electron Green function G does not have a pole at
D = my, i.e. this ‘bare’ mass is only a formal parameter of the theory and

is unobservable. Then we represented the electron Green function in the

form (4.20),
Z
N EA T
where (see (4.19), (4.23))

u(p) = SO RSB E I
1

T 1-Y(m)
We concluded from these equations that the electron Green function has
a pole at p = m, with m the physical (or renormalized) mass.
Similarly, we wrote the photon Green function as (4.38)
Z3
k2[1 — T1.(k?)]

= Z>G(p),

Z3

D(K*) = = Z3D(k?),

241
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where (4.37)

2y _
) = S ~
1
%=1 o)

This means that the renormalized photon mass remains equal to zero.
For the vertex part we obtained (4.43)

T, =2Z'T, T%(m,m) =1,

Moreover, we have shown in Section 4.5 that all graphs may be written in
terms of the renormalized functions I'§,, G¢ and D¢, exactly in the same
way as in terms of the bare (unrenormalized) functions I',, G' and D, if
one substitutes the renormalized charge (4.48)

2 2
e, = Zase

for the bare charge e (in this expression for the renormalized charge we
used the Ward identity, Z; = Z3). Thus, the amplitudes may be writ-
ten exclusively in terms of physically observable renormalized charge and
mass.

Can we calculate physical charge e. and mass m in terms of the bare
ones? The answer is no, since the respective integrals turn out to be
divergent. Since we were forced to introduce the renormalized functions
G¢, D¢ and I'° anyway, the whole scheme of quantum electrodynamics
would make sense if we could prove that these functions depend neither
on the bare mass, nor on the bare charge. To this end we need to find
such equations for I'¢, 3¢, II¢ which include only renormalized mass and
charge and not the bare ones. Then all observables would depend only on
the physical charge and mass, and the renormalization procedure would
make sense.

5.1.1 Divergences of Feynman diagrams

Let us first consider what divergences exist in quantum electrodynamics
and what is their origin. It is easy to see that there are three types of
divergences in our theory:

(1) ultraviolet divergences which arise when the integrals diverge at
large integration momenta k — oo,

(2) infrared divergences which are due to singularities of the integrands
at small integration momenta k — 0,
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(3) possible poles and other singularities of the amplitudes which de-
pend on external momenta.

We discussed the physical meaning of infrared divergences in Sections 2.9
and 4.7, and came to the conclusion that they are absent if the problems
in QED are properly formulated. As to divergences of the third type, it is
clear that the amplitudes may be singular for certain values of the external
momenta, for example, when momentum k of a certain propagator in the
diagram turns out to be on the mass shell k> = m?. We can prove,
however, that these singularities are absent if all external momenta are
space-like and satisfy the triangle inequality. This is because in such a
situation the contours of integration in the Feynman integrals may be
rotated as shown in Fig. 5.1, so that all integration momenta become
Euclidean:

I
ko = —Vk2 + m?
X
:
X
ko = VKZ +m?
Fig. 5.1

The physical scattering amplitudes with time-like external momenta may
be obtained from the amplitudes with Euclidean external momenta by
analytic continuation. All singularities of the amplitudes as functions
of the external momenta arise after this continuation. They are physi-
cally meaningful, connected with the unitarity condition (see discussion
in Chapter 3), and we will not discuss them here.

Still, there remains the problem of the ultraviolet divergences, which
survive even when the integration momenta are Euclidean.

Consider an arbitrary skeleton diagram
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—

Due to current conservation it has an even number of external electron
lines. Let F. and F), be the number of internal electron and photon
lines, and N, and N, the number of external electron and photon lines,
respectively. The amplitude that corresponds to our diagram is given by
the integral

/ dky ... dYk
k%kﬁ% e k%'y(kFy‘i’l — m)(kFy+2 — m) e (kFy+Fe — m)

: (5.1)

where £ is the number of independent internal integration momenta. Let
us calculate £. Consider a diagram with n vertices. Three lines meet at
each of them and due to momentum conservation we have one condition
k; + kj = k; for the three momenta at each vertex:

In fact, the number of conditions is n — 1 rather than n, since one of the
conditions corresponds to the conservation of the total four-momentum
and does not restrict the internal momenta. Hence, the number of inde-
pendent internal momenta is

{ = Fo+F,—n+1.

The integral (5.1) diverges if the overall power of the differentials is larger
than or equal to the power of the denominator. This means that the
integral is convergent only if

40— 2F, — F, = 3F, +2F, —4n+4 <0, (5.2)
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We now show that this difference is independent of the number of internal
lines (Fe and F) and depends only on the number of external lines or, in
other words, on the physical process itself. Consider first a closed internal
electron line (see Fig. 5.2).

Fig. 5.2

For such a closed electron line the number of vertices n is equal to the
number of segments of the electron line between the vertices

n = Fg.

An open electron line with n vertices on it contains n— 1 intervals between
the vertices plus two external lines. Hence, for an arbitrary diagram with
n vertices we have

N,
Each internal photon line connects two vertices, and each external photon

line ends at a vertex. Hence,
n = 2F, + Ny.

Thus, the number of external lines and vertices determines the number of

internal lines: N N
n
Fe=n- Fy=g-—55

Then the condition for convergence of the integral for the amplitude
becomes

3
IC:?)Fe—i—2Fy—4n—i—4:—§N‘3—Ny—i—4<07 (5.3)
and convergence depends only on the number of external lines. We see

that the graphs describing complicated processes with a large number of
external lines are convergent. Hence, to learn everything about ultraviolet
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divergences it suffices to list and study the diagrams with a small number
of external lines.

Let us consider the simplest graphs.
(1) Electron self-energy,

No=2 N,=0, K=1.

As we have already seen, formally the electron self-energy is linearly di-
vergent, but in fact it diverges only logarithmically.
(2) The polarization operator

Ne=0, N, =2, K=2.
Qv v g

The photon polarization operator formally diverges quadratically, but due
to gauge invariance it diverges only logarithmically (see Chapter 4).
(3) The vertex part

N.=2 N, =1, K=0;

/N

The vertex part diverges logarithmically.
(4) The three-photon diagram

N,=0, N, =3, K=1.

L

Diagrams of this type are formally linearly divergent. However, we will
see that such diagrams vanish due to charge conjugation invariance.
(5) Compton effect

y%//m\w Ne=2, Ny =2 K=-1

The diagram is convergent.
(6) Fermion—fermion scattering
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The diagram is convergent.
(7) Light by light scattering

N.=0, Ny =4, K=0.

Formally the diagram looks logarithmically divergent, but due to gauge
invariance it actually converges.

Let us prove the Furry theorem, which states that the three-photon
vertex (as well as any other graph with an odd number of external photons
only) is zero

We know that quantum electrodynamics is charge conjugation invariant.
As we have seen, charge conjugation changes the sign of the photon wave
function: e, — —e,, therefore an amplitude with an odd number of
photons also changes sign. The only difference between the Feynman
diagrams with external photons before and after charge conjugation is
that the directions of the internal fermion lines change. But how can the
amplitude know whether there is a particle or an antiparticle inside? Such
a substitution cannot change the amplitude and, hence, the amplitude has
to vanish identically. Let us illustrate this by the example of the simplest

process:
4= ' Hé%

Under charge conjugation the first diagram changes sign and turns into
the second diagram, which means that their sum is identically zero.
Now consider light by light scattering

k1 ko

/f
\_\

ky ks

= MM1M2M3M4 (kla k27 k37 k4) (54)
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Due to current conservation we have for any external photon momentum

ki“ MM1M2M3M4 =0. (5'5)
But the diagram
ky ko
1
» 4
1 o 1 d
p—ko—kz—ky A Y p—k> ~ ff)
- p
1
/\/\/plmkg
k‘4 k3

is logarithmically divergent at large integration momenta p. Since in the
divergent part of the diagram the external momenta k; in the denomina-
tors can be ignored, it turns out to be independent of k;. As a result, the
divergent part of the amplitude (5.4) does not satisfy the current conserva-
tion condition (5.5) because it is impossible to get zero after multiplying
an amplitude, which does not depend on k, by k,. According to the
Feynman rules, we have to sum three diagrams

FLE A

To make each of the integrals well defined, we can use any ultraviolet
regularization that preserves current conservation. Then the sum of the
integrals satisfies the condition (5.5) automatically and stays finite when
we remove the regularization.

Hence, we are left with only three divergent diagrams in quantum elec-
trodynamics: the electron self-energy, the photon polarization operator
and the vertex part

o~
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5.1.2 Renormalization

Let us see how renormalization removes all three divergences in electro-
dynamics. We assume temporarily that

G = Go, D = Dy,

and try to construct an equation for the vertex part. By definition,

This is, in fact, an equation for I',. Indeed, (5.6) may be represented as
a relationship for the skeleton diagrams

AR AR

Iterating (5.7), we obtain (5.6). It is important to realise that (5.7) does
not contain ladder diagrams of the type
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because the vertex part in the circle is already included in the graph

and the diagram with crossed photon lines

diverge differently.

(1) Consider first the one-loop diagram

The ladder diagram

q

4 2
1 1 N A gk o A
m—p1+k1 m—pa+k1 » kil p2 :

1
P1 ki P2
It diverges logarithmically and the divergence arises at internal momenta
k1 which are much larger than the external momenta ki > p1, pa, m.
(2) Now consider the two-loop ladder diagram. This diagram contains
different important integration regions.
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p1— k1 — ko po — k1 — ko

b1 — kl k2 D2 — ]{Zl

y4 Fy P2

(a) If momentum ks is fixed, this diagram is convergent. For ki > ko

we have
/OO d4]€1 1
k2 k% k%’
and integration over ko in this region produces a logarithm of the
only momentum relevant for the process

/d4]€2 1
— ~Ing.
k3

(b) If, on the contrary, ko > ki (where k; is fixed), integration over ks
gives a divergent integral

A d4 kg A2
/_TNmT'
ko ko k1
Then integration over kq leads to a double logarithm contribution

A 4 2 2

/ di:ll A2 oA
k

p 1

n
k2 p?

The divergence is now more severe than in the one-loop case

and this is quite reasonable since in this integration region the two-
loop ladder vertex contains a divergent one-loop subdiagram, and
the last integration reduces to the same divergent integral, as in the
one-loop case.

(3) Consider the two-loop diagram with crossed photon lines

q
p1— k1 — koG p2— k1 — ko

—k —k
b1 1 oy b2 2

b1 D2
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Now the integral converges both in the case where the integration goes
over ko at a fixed value of k1 (ko > k1) and if it goes over k; with ko fixed
(k1 > ko). The integral diverges only if k1 ~ ko, and this integration
region leads to a logarithmic divergence

d*k A?

ﬁ ~ In F
Repeating these considerations for more complicated diagrams, we can
check that all terms in the skeleton expansion (5.7) diverge only logarith-
mically. As we have seen, the logarithmic divergences of the lowest order
diagrams may be eliminated with the help of one subtraction. Hence,
the subtraction procedure (renormalization) leads to a finite result, and
it is possible to write such an equation for the vertex part which does not
contain divergences at all.

Let us construct this finite equation for the vertex part. The total
vertex part may be written as in (4.40)

Lu(pr,p2,4) = v+ Ap(pr, p2, ), (5.8)
and according to (4.41) on the mass shell
A,u(m,m,0) = y,A(m,m,0). (5.9)
Then the vertex part may be represented as
Lu(p1,p2,@) = (1 + A(m, m, 0)) + Ay(pr, p2, @) — Au(m, m, 0). (5.10)

In terms of the skeleton expansion, equation (5.10) has the form

Pu(plap27 Q) = 7#(1 + A(m7 m, 0))

r, _ r, R

i 6/ NN \6
P2 m m
The vertex part I';, in (5.11) is present both on the left- and right-hand

sides, so it is an integral equation for the vertex part (5.11). In terms
of the renormalized vertex I'j; equation (5.11) has the form (I'}, = I',Z1,

(5.11)

b1
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Z71 =14 A(m,m,0), see (4.43), (4.42))

e e e
where we used el'), = e.I'),. The renormalization constant Z;" Uin the top
vertices in all graphs in (5.11) is just a common factor which we cancelled
in (5.12), while the renormalization constants in all other vertices are
swallowed by the renormalized charge: Z; le — e.. As a result, all terms

in (5.12) are ultraviolet finite because in each order of perturbation theory
only the finite differences of divergent integrals of the type

q 0
L(p1—k,p2—k,q) I'(m—k,m—k,0)
F(plapl_kak) N F(m_k’m’k)
T(m,m—k, k)
/ % \F(pzk,pz,k) / \
Y41 b2 m m

enter the right-hand side of this equation. Note that these differences go
to zero when the integration momentum goes to infinity, £ — oo, because

I'(a,b,¢) = I'(b,c) at b~c>a.

This we can prove with the help of the integral equation itself, or obtain
directly from the perturbation theory graphs. This remarkable property
of the vertices I' means that at high external momenta they do not depend
on the smallest momentum, and this guarantees that ultraviolet finiteness
reproduces itself in higher order graphs.

We still have to obtain a finite equation for the vertex part in the real
case with radiative corrections to the electron and photon Green functions
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taken into account. Instead of (5.11) we now have

8

\

Repeating step by step transformations which lead from (5.11) to (5.12)

;\Jr AJF (5.14)
/NN

The renormalization constants Z; Lin the top vertices cancel as above,
while factors Z; ' again arise in all other vertices. Besides, due to G =
Z3G¢ and D = Z3D® (see (4.20), (4.38)) we have an extra factor Zo\/Z3
in each vertex. All these factors combine in the correct expression for the
renormalized charge (4.48) in each vertex

e = eZ{ Zo\/Z3

and, since Z; = Zs,
62 = Z3€2.

Thus, we have obtained an integral equation for the vertex I'j, which
contains only the renormalized charge e. and the renormalized electron
and photon Green functions G¢ and D¢.

This integral equation would be finite if we had finite equations for the
renormalized electron and photon Green functions. Let us derive such
equations. It is easy to see that the electron Green function satisfies the
equation

Y
SN GO Go N Go (p)G_ (5.15)
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where the electron self-energy is

v T
—3(p) = - e

Note that we have v, instead of the exact vertex part in the left vertex,
since all processes start with a simple photon emission

Tu

and only after this do all other processes take place. Analytically the
Schwinger—Dyson equation for the electron self-energy has the form

4
—X(p) = € / %’m Glp—Fk)Tulp—k,p, k) D(E?). (5.16)

A similar equation may be obtained for the photon polarization operator:

k—p
Iy,
Huu(kz) = ]:M k ’
p
or, analytically,
2 2 d'p
Ly () = =T [ G0 (0 GO T o+ kp, ~K) Glp + 1)} (5,17

These equations, unfortunately, are not much help in the proof of ultravi-
olet finiteness of the renormalized vertex part since the integrals for X(p)
and 11, (k*) are ultravioletly divergent. From the point of view of con-
vergence, we are interested, however, not in the self-energy (p) and the
polarization operator IT1(k?) themselves, but in differences of the type

Z(p) = B(m) = X'(m)(p — m)

which enter the expressions for the renormalized Green functions (see
(4.19), (4.37)).
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These two subtractions are just sufficient to eliminate all divergences.
Let us see how this happens. Consider the derivative of the electron self-
energy 0X(p)/0pu. An arbitrary term in the expansion of the electron
self-energy has the form

kl kg

ka

p p—kip—ki—Fkg - p—ks P
That is, there is one continuous electron line, and the external momentum
may be chosen to flow only along this line. Then electron propagators
depend on the external momentum via differences p — k1, p — k1 — k2 etc.
The derivative of any electron propagator looks like

0 1 1 1
il _ _ 5 _
Opum—p+k m—p+k ﬂm—f)—i—kz

Note that the derivative consists of two propagators and the matrix -,
the latter being nothing but the photon vertex. This means that the
differentiation attaches to the self-energy diagram an external vertex of
emission of a photon with zero momentum. Graphically, after differenti-
ation we obtain

T Y
ox e N
= +
k: i')’u g ;’Yﬂ :J
+ + LL\/WJ) + .

or, in the form of the skeleton expansion,
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Thus, we have obtained a linear equation for 9X/0dp,,. It leads, for exam-
ple, to the Ward identity (4.56)

0%

—5—=r p7p70
apu M( )

Tu

which may be easily derived from (5.18) if we simply add the tree vertex
to both sides of this equation. Subtraction in (5.18) may be carried out
exactly in the same way as for the vertex part. Indeed,

-G~ 1(p)

%Gl(p)%[mﬁ+2(l))]}\ +/v\@\ 4o

Introducing, as usual, the renormalized Green function G. according to
G™' = Z;'G:Y with Z;' = 1 — ¥'(m), and adding and subtracting
¥'(m) term by term (which is equivalent to the addition and subtraction
of A(m,m)), we obtain

This equation contains only the renormalized charge e., and its right-hand
side is convergent.

For OI1(k?)/0k, we can construct a similar linear equation and verify
that it is also renormalizable.

To summarize, we have shown that all observables can be expressed
in terms of the renormalized, physical charges and masses and renormal-
ized Green functions, and we never encounter any divergences. This was
proved in perturbation theory, but, strictly speaking, we cannot be sure
that it will remain valid outside the perturbative framework.
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5.2 The zero charge problem in quantum electrodynamics

We have constructed quantum electrodynamics in the following way. We
started with the Green functions of the electron and the photon

=G

Ve e e e NN
_D/J,l/7

and considered the simplest interaction

o

In the case of the 7-meson (a scalar charged particle) we also had to
introduce

i

There is no reason to consider more complicated interactions, since the
respective theories would be non-renormalizable.

The theory constructed in this way is in excellent agreement with ex-
periment. However, it does not work at very small distances. This is
connected with the so-called zero charge problem which we will discuss
now.

We have seen that the graphs

oo
A

diverge in the region of large virtual momenta and in this region they
are practically independent of the external momenta. For example, the
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vertex part

d*k 1 1 1
AD :e2/ -, _ —y, — 5.19
K (27)417 m—ﬁl—i-k’mm—ﬁri-kfy k2 ( )

does not depend on p; and po, when pi,ps < k. In the region of large
k (i.e. small distances) the integral is divergent, and the theory makes
no sense. In order to get rid of this problem, we have introduced a large
cutoff parameter A. The contribution of the large integration momenta k
close to A does not depend on the external momenta pi,ps < A. Next,
we considered I'(m,m,0) and subtracted it from I'(p1, p2, k). The result
of this subtraction is convergent. We do not know anything about the
contribution of the large k region, but we have avoided the problem with
the help of the renormalization constants, by hiding our ignorance in the
renormalized charge e, = Z; L Zo\/ Z3e.

All these considerations are true, however, only at small external mo-
menta: we have assumed that py,ps < A. What happens if we start to
increase the external momenta, i.e. if p?/m? > 1? (This problem was
first raised by Gell-Mann and Low [8] and solved by Landau, Abrikosov
and Khalatnikov [9]).

Let us consider the photon polarization operator

W = I, (k) = (guk® — kuky)TI(K).

We have calculated the asymptotic behaviour of the polarization operator
in (4.77)
o
(k) ~ —Sln—.
C ( ) 37'(' m2
Hence, the first terms of the perturbation theory expansion for the photon
Green function at large momenta have the form

A (e
11 a., K2\ 1 1 .. k?
= — 4 — [k m | = ~ =14+ =1In=—
k2+/<:2< 37Tnm2>/<:2 /<:2<+37rnm2>’

i.e. for large k2 the series diverges and the perturbation theory does not
work. Obviously, the term

X OO
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contains In® (k:2 /m2) and, generally speaking, more complicated graphs
will grow even stronger with the growth of k2. (The main contribution to
the vertex part in (5.19) comes exactly from photons with large virtual
momenta k ~ A.)

Let us consider the integral (5.19) in more detail. It contains factors of
the type .

X ...
m — ﬁl +k
The number of denominators increases as the diagrams become more com-
plicated, and in the same way the power of the external momenta in the
denominator grows. The integrand decreases with the growth of p, and
the integrands for more complicated diagrams decrease faster. This de-
crease will be significant, however, only for very large external momenta
p ~ A, since the main contribution to the integral comes from k ~ A.
Consider the intermediate region m? < [p?| < A? for sufficiently
large A. In this case (5.19) has a simple form

A dk A?
1 2
AP~ [ ~oin g,

since the main contribution to the integral (5.19) comes from the region
p < k < A. Let us choose A so that

2

A .
apln o7 ~ 1, in spite of ap < 1. (5.20)

The vertex then has the following structure:

AQ
I'= E Cnm iy I —
p
n2m , ) , (5.21)
A A A
:1+(X01n?+a%1n2?+aglnp—2+

Obviously, terms of the type of In" 2—22 ~ 1 give the largest contribution,

while terms of the type ag'H In™ A% /p? ~ g play the réle of small correc-
tions. Thus, we can write the expression for the vertex in the form

AQ A2
I' = f1 <O¢0 In p_2> + Oéofg (Oé() In P) + Oé%f?: + - (5.22)

To simplify the problem, we consider only the first term (this is called the
leading logarithmic approximation). Let us determine I', G and D in this
approximation.
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The total vertex part is then just the sum of the first skeleton dia-

grams (5.13):

The first simplification is due to the Ward identity Z; = Z» (see (4.51))
which makes the divergences connected with the vertex part and with
the electron Green function cancel in the expression for the renormalized
charge

= 772737363

This means that we should be able to reformulate the theory in such a
way that these divergences do not arise at all. This may be achieved by
a proper choice of gauge (Landau [10]). In the Landau gauge the photon
Green function is

1 k. k
t phy
D;u/ - ﬁ (guu - k2 ) . (523)
Let us show that I';, in this gauge is ultraviolet finite. Consider
F(l) — 62/ d4k 1 1 Dt (k?)
T ) @ R m gyt
/A d*k [ L1141 1]%1]
= ¢ a= ax T RTVYu=K5
O, @ R TR R
_ 62 /A d4k ’yakj’}/“k’}/a _ ﬁ .
O, (2m)4i k6 k4

The first term in the square brackets in the integrand contains the factor
kik;, and due to rotational symmetry the respective integral is propor-
tional to the unit tensor (Kronecker symbol in Euclidean space). Then
we can substitute in the integrand

ki/{?j gij k2 1

R
and use

YaViVpViVYoo = 47#'
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We see that the main contributions to the integral cancel. It is straight-
forward to show that in the next order of perturbation theory the leading
term o (apIn A2/ p2)2 also disappears. In the leading logarithmic approx-
imation we ignore the subleading term a3 In A?/p?. Similar consideration
applies also to the electron Green function G, and in the leading logarith-
mic approximation at large external electron momentum we obtain

Ty =7 (1+0(e})),

(5.24)
Gp) == (1+0(c3))

Now we turn to II,, in this approximation. Due to (5.24) the expression
for I, simplifies:

I (k T EH\/\ T T
/.Ll/( ) — k k ~ /V\Q/V\
G(p)

We can check by direct calculation of higher order graphs

that (5.25) is valid in the leading logarithmic approximation. The leading
contributions induced by these graphs cancel each other. Hence, in the
leading logarithmic approximation, calculation of the polarization opera-
tor II,,, reduces to calculation of the simplest diagram with bare vertices
and electron Green functions.

Let us now derive the subtracted polarization operator II,, (k) —1II,,,(0):

d*p 1 1 1
H,,k—H,,():—eQ/—,Tr v, —— N
I ( ) Y ( ) 0 (27T)4’L {’Y,um_p’}/ [m—ﬁ—{—k m_p‘|}

Expand 1/m — p + k in powers of k:

(5.26)
.1 1.1 .1
2 + k 2

m-—p m—p m-—=p m-—p m-—p

The first term in (5.26) cancels in the square brackets in the integrand.
The second term vanishes after integration due to rotational symmetry:

d 1 1.1 d 5, kP
TT)* p p p )= p
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The third term in (5.26) gives just the logarithmic divergence, and we
obtain

d*p 1 1:.1:1
nw(k)—nw(()):_eg/(%)% Tr{% ,,Ek:]—akz—ﬁ}. (5.27)

Due to the transverse structure of the polarization operator, it depends
only on one scalar function

M = (guk?® — kuk,)TI(K?), I, = 3k*TI(k?).

On the other hand, it is easy to calculate the trace of the integrand in

(5.27):

VO S 7Y R A
Hﬁ Hﬁ p4 p4 pQ,
and
d* 1 1.1 o Telphoh
3/{2]'[(]{2):263/—174.._2111»{/{7]{7}_ e%/ p4‘ r{p 6]9 }
(2m)ti p D p (2m)%i P

After simple transformations, we derive

B /d4p1
_3

where the integration momentum is larger than the momentum of the
external photon. Rotating the contour of integration ipj, = pg, we arrive
at an integral over the four-dimensional Euclidean space

4 A dip 1
(k%) = — —ef —. 5.28
In spherical coordinates
dQ2
d4p — p2dp2 5 — 7T2p2dp2,
and we finally obtain
4e2 A? ag . A?
ME?) = ———2—In—m = —— In . 5.29
b = 36 " 57 ~ "3 (5:29)

Thus, in the leading logarithmic approximation the unrenormalized pho-
ton Green function has the form

Guv 1 _ 9w 1 _ Y
D, ="5——-—= —— = Z=d. .
1 K2 1—T(k2) ~ k2 1 +90n |k2| L2 (5.30)
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Let us renormalize this expression. First we write for the scalar function d

(7)) A2 (7)) A2 (67} |k‘2|
—ln—=1+—In— — —In—
3 1q|k:2| + 37 m? 37 m?

k2] (5.31)

:Q+@mﬁ>1 sl |

- 2
1+§‘—;ln%

dl=1+

and introduce the renormalization factor Zs

2
—1 - Oéo A
Then the function d becomes
1 Z3
d=27 = . 5.33
T g i gwm O

We see that the cutoff parameter is now embodied into the overall renor-
malization constant Z3 while in the denominator it is swallowed by the
physical charge e.. The very fact that we have succeeded in eliminating
the cutoff momentum A and arrived at the multiplicative dependence on
Z3 reflects the renormalizability of electrodynamics.
We also obtained a nice relationship between the renormalized and bare
charges:
@Q

1+2nd;

At first glance, this result looks reasonable: the renormalized charge a.
is less than the bare charge «g, a. < ag, as it should be due to vacuum
polarization. However, if we go to the limit A — oo, we get

3

A2
In 7z

(5.34)

8%

e — 0, with A — oo, (5.35)

i.e. any bare charge oy is screened completely (recall that we considered
only the case ap < 0) if it is shrunk to a point. In other words, the
physical charge is always zero, a. = 0. This could mean that our approach
is wrong at short distances. On the other hand, if there exists such small
scale where QED is not valid any more, we can calculate a. in terms of
this scale and, vice versa, we can determine A from the value of «. (since
we know a, ~ 1/137). From (5.35) we obtain

A? {37‘(’}
—5 M exp{ — ¢,
m o

or, numerically, 1/A ~ 10750 cm.
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The concrete value of this small scale changes somewhat if one includes
contributions of different sorts of particles to the vacuum polarization. If,
for instance, there are v species of charged spin % particles, then we have

instead of (5.34)
aQ
(5.36)

= ———,
Y 52 In %
and the value of A changes correspondingly.
Assuming that QED is not valid at a scale of the order of the Planck
length,* i.e. at £p ~ 10733 cm, we come to the conclusion that the number

of possible sorts of charged elementary particles is
v~ 12.

The theoretical situation for the photon Green function looks even
worse than the problem of zero physical charge. For any value of the
physical charge o, the photon Green function

1
Qe —k2
1-— 3_7ran

de =

acquires a pole at some large space-like momentum k% < 0, and this
implies the existence of a particle with an imaginary mass. In a sense,
this is an artificial problem, since in our theory A = 0o, and hence a,. = 0.
This means that actually there is no unphysical pole, but then there is
no interaction either!

This problem is not yet solved.f

* The Planck length is £p = v/G, where G is the Newton gravitational constant.

T V. N. Gribov left a draft of ‘QED at short distances’ which he was preparing as
additional sections for this chapter. He was planning to discuss a possible solution
of the Landau pole—zero charge problem in quantum electrodynamics or, taken more
widely, in the Glashow—Weinberg—-Salam theory which unifies electrodynamics and
weak interactions. This solution came, if one may say so, as a by-product of his 20-
year study of the problem of quark confinement in quantum chromodynamics (QCD)
— the microscopic theory of ‘coloured’ quarks and gluons believed to be responsible
for the structure of hadrons and their interactions. Gribov found [11] that when the

coupling exceeds a critical value,
o 2
Zs1-4/2,
™ \/g

the theory changes drastically. The so-called supercritical binding of fermions takes
place which leads to the appearance of bound states with negative total energy, so
that the perturbative vacuum becomes unstable. A phenomenon similar to a phase
transition in solid state physics occurs, and the dynamics of the theory becomes
essentially different.

In QCD the colour coupling between quarks and gluons, contrary to ce.m., increases
with distance and hits the critical value at ‘large distances’ of about 1 fermi =



266 5 Difficulties of quantum electrodynamics

Due to the smallness of the coupling constant o, in quantum elec-
trodynamics this difficulty arises at academically small distances, and is
irrelevant for real physical problems. In non-asymptotically free theories
of strong interactions we have g ~ 1 and face this problem immediately,
as we are forced to introduce an ultraviolet cutoff parameter A ~ m. Here
the problem becomes real and severe.

Let us note that to arrive at the zero charge result, we have used the
logarithmic approximation

2

2
egln — ~ 1,
p?

eg < 1.

Strictly speaking, this means that within our approximation we are not al-
lowed to take the limit A — co. However, according to Pomeranchuk [14]
only the renormalized charge o (5.34) enters higher order unaccounted
for corrections. Since o, — 0 at A — oo, all corrections also vanish in
this limit. This means that our conclusion about the interaction van-
ishing in quantum electrodynamics does not depend on the condition

e3In (2—22) ~ 1. The only necessary hypothesis is

e < 1.

Abandoning the latter condition would mean, however, that from the
very beginning there was no perturbation theory and, therefore, quantum
electrodynamics has not been formulated.

107"cm. Gribov argued that the supercritical binding of light quarks results in
the instability of colour states, that is, in the confinement of colour (see [12]).

In the context of quantum electrodynamics, the supercritical binding phenomenon
develops at extremely short distances, of the order of the Planck scale.

On the one hand, it may be responsible for the appearance of the Higgs scalar boson,
much wanted for the consistency of the electroweak GWS theory. Within this picture,
Gribov predicted the mass of the composite Higgs boson to be slightly larger than
that of the heaviest (‘top’) quark, mg ~ 200 mproton [13].

On the other hand, the formal Landau pole problem in QED has been resolved: the
coupling increases but remains finite at arbitrarily small distances.

‘QED at short distances’ will be included in a collection of Gribov’s works on gauge
theories which is being prepared for publication.
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